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Semilinear elliptic equation

Dynamical boundary condition On étudie les solutions positives d’une équation elliptique semi-linéaire avec une
Minimal solutions condition aux limites dynamique linéaire. On établit la propriété de semigroupe pour
Phragmén-Lindeldf theorem les solutions minimales, on montre que toute solution locale en temps se prolonge en

une solution globale, et on met en lumiere une relation entre les solutions minimales
du probléme d’évolution et les solutions minimales d’un probléme stationnaire.
© 2015 Elsevier Masson SAS. All rights reserved.

1. Introduction

This paper is concerned with minimal solutions of a semilinear elliptic equation with a dynamical bound-
ary condition,

—Au = f(u), xeRf, t>0,
Oyu + Oy,u = 0, T € 3R]4\_’, t>0, (1.1)
u(z,0) = p(z'), z = (2/,0) € ORY,
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where N > 2, }Rf = {(2',xn) € RY : x5 > 0}, A is the N-dimensional Laplacian (in z), 9; := 9/0t,
0, = —0/dx N, ¢ is a nonnegative measurable function in R¥~1 and

f is a nondecreasing continuous function in R such that f(0) > 0. (1.2)

In [12-14] the authors of this paper studied the existence/nonexistence and the large time behavior of the
solutions of the problem

—Au = uP, xE]Rf,t>O,
du+ dyu =0, z € ORY, t >0, (1.3)
u(w,0) = (') 2 0, x = (a',0) € ORY,

where p > 1, and proved the following.

1 roblem (1.2 as a solution in X or some > 0, then there exists a unique minima

() If probl (1 3) h luti i Rf (O,T}f T 0, th h i iq inimal
solution of (1.3) in RY x (0,7.

(if) If

N +1

1<p<p* = m,

then problem (1.3) possesses no nontrivial local-in-time solutions. If p = p,, then problem (1.3) possesses
no nontrivial global-in-time solutions.

(iii) Let p > p, and let p(z') = x(1 + |2|)~2/®=D with & > 0. If & is sufficiently large, then problem (1.3)
possesses no local-in-time solutions. On the other hand, if « is sufficiently small, then a solution of
(1.1) exists globally in time.

In this paper we study qualitative properties of the minimal solution of (1.1) and we show:

(1) The existence of local-in-time solutions implies the existence of global-in-time solutions. In particular,
in the case p = p, there are no nontrivial local-in-time solutions. Furthermore, if u is a solution in
RY x (0,T] for some T > 0, then there exists a global-in-time solution U such that U(z,t) = u(z,t) in
RY x (0,T).

(2) The minimal solution has the semigroup property.

Furthermore, we consider the problem

{—Av =f(v) in RY, (1.4)

V= on 6Rf ,
where ¢ is a nonnegative measurable function in R¥~!, and reveal a relationship between the minimal
solutions of (1.1) and (1.4).

The exponent p, is known as the Brézis—Turner exponent which is critical for the boundedness of very
weak nonnegative solutions of the problem

—Au=uP in QQ,
u=20 on 0,

where ) is a bounded domain in RY. See [6] and [26, Chapter I, Section 11].
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