J. Math. Pures Appl. 104 (2015) 837-867

Contents lists available at ScienceDirect 2
7/ . . , MUENAL
Journal de Mathématiques Pures et Appliquées NATHENATIOUES
www.elsevier.com /locate/matpur
Observation from measurable sets for parabolic analytic @ Cosshark
evolutions and applications
Luis Escauriaza ®*, Santiago Montaner *, Can Zhang "
® Universidad del Pais Vasco/Euskal Herriko Unibertsitatea, Dpto. de Matemdticas, Apto. 644,
48080 Bilbao, Spain
b School of Mathematics and Statistics, Wuhan University, Wuhan, China
ARTICLE INFO ABSTRACT
Article history: We find new quantitative estimates on the space-time analyticity of solutions to
Received 19 January 2015 linear parabolic evolutions with time-independent analytic coefficients and apply

Available online 5 May 2015 them to obtain observability inequalities for its solutions over measurable sets.

© 2015 Elsevier Masson SAS. All rights reserved.

MSC:

35B37

49J20 , ,

35K25 RESUME

Keywords: On obtient de nouvelles estimations quantitatives sur l'analyticité en espace et
Observability en temps des solutions d’équations d’évolution linéaires paraboliques a coefficients
Propagation of smallness analytiques indépendants du temps, et on les utilise pour obtenir des inéqualités
Bang-bang property d’observabilité pour leurs solutions sur des ensembles mesurables.

© 2015 Elsevier Masson SAS. All rights reserved.

1. Introduction

Mixing up ideas developed in [34], [2] and [28], it was shown in [3] that the heat equation over bounded
domains € in R™ can be null controlled at all times 7" > 0 with interior and bounded controls acting
over space—time measurable sets D C Q x (0,7") with positive Lebesgue measure, when 2 is a Lipschitz
polyhedron or a C'! domain in R™. Apraiz et al. [3] also established the boundary null-controllability with
bounded controls over measurable sets J C 9§ x (0,7) with positive surface measure.
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In this work we explain the techniques necessary to apply the same methods in [3] in order to obtain
the interior and boundary null controllability of some higher order or non self-adjoint parabolic evolutions
with time-independent analytic coefficients over analytic domains 2 of R™ and with bounded controls
acting over measurable sets with positive measure. We also show the null-controllability with controls
acting over possibly different measurable regions over each component of the Dirichlet data of higher order
parabolic equations or over each component of the solution to second order parabolic systems; both at
the interior and at the boundary. Finally, we show that the same methods imply the null-controllability of
some not completely uncoupled parabolic systems with bounded interior controls acting over only one of
the components of the system and on measurable regions.

We explain the technical details for parabolic higher order equations with constant coefficients and for
second order systems with time independent analytic coefficients. We believe that this set of examples makes
clear to the experts that the combination of the methods in [34,2,28] with others here imply analog results
to those in [3] for parabolic evolutions associated to possibly non self-adjoint higher order elliptic equations
or second order systems with time independent analytic coefficients over analytic domains: existence of
bounded null-controls acting over measurable sets and the uniqueness and bang—bang property of certain
optimal controls.

Throughout the work T' denotes a positive time. Without loss of generality for the results we prove,
we may very well assume 0 < 7' < 1. Q C R” is a bounded domain with analytic boundary 02, v is the
exterior unit normal vector to the boundary of €2, do denotes surface measure on 02, Br(z¢) stands for the
ball centered at zg of radius R, Bg = Bg(0). For measurable sets w C R” and D C R" x (0,T), |w| and |D|
stand for the Lebesgue measures of the sets; for measurable sets I' C 92 and J in 9Q x (0,T), |I'| and |TJ|
denote respectively their surface measures in 9Q and 9Q x R. |o| = a1 + - -+ + oy, when a = (aq,...,qp) is
an /-tuple in N¢, ¢ > 1.

To describe the analyticity of the boundary of Q we assume that there is some d > 0 such that for each
xo in ON) there is — after a translation and rotation — a new coordinate system (where o = 0) and a real
analytic function ¢ : Bf € R"~! — R verifying

©(0') =0, [0%p(x)] < |afté~!*I7) when 2’ € B}, a e N* 71,
BsNQ=BsnN{(z',z,): 2" € B}, z, > (')},
BsNoQ = BsN{(2',x,) : 2’ € By, x,, = p(x')}. (1.1)

The existence of the bounded null-controls acting over the measurable sets for the set of examples follows
by standard duality arguments [6] from the following list of observability inequalities.

Theorem 1. Let D C Q x (0,T) be a measurable set with positive measure and m > 1. Then, there is
N =N(Q,T,m,D,d) such that the inequality

u(T) 220y < N/ |u(z,t)| dedt
D

holds for all solutions u to

Ou+ (—1)"A™y =0, in Q x (0,7,
u=Vu=---=V"lyu=0, ondQx(0,T), (1.2)
u(0) = uy, in €,

with ug in L?(£2).
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