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1. Introduction

This paper is concerned with the Maximum Principle property for degenerate second order elliptic
operators. Our aim is to characterize the validity of the Maximum Principle for arbitrary degeneracy of
the operator — including the limiting cases of first and zero-order operators — in terms of the sign of a
suitably defined generalized principal eigenvalue. Such a complete characterization is missing, as far as we
know, even for the case of linear operators, which was of course our first motivation. Due to the possible loss
of regularity, as well as of boundary conditions, which is caused by degeneracy of ellipticity, the appropriate
framework to deal with this problem is, even in the linear case, that of viscosity solutions. This approach is of
course not restricted to the linear case, so we study the question in the more general setting of homogeneous
fully nonlinear degenerate elliptic operators F(z,u, Du, D*u).

Let 2 be a bounded domain in R and Sy be the space of n x n symmetric matrices endowed with the
usual partial order, with I being the identity matrix. A fully nonlinear operator F : 2 x R x RN x Sy — R
is said to be degenerate elliptic if F' is non-increasing in the matrix entry, see condition (H1) in the next
section. The basic example to have in mind is that of linear operators in non-divergence form

F(z,u, Du, D*u) = —Tr(A(z)D*u) — b(z) - Du — c(z)u, =z € 12,

where A(z) is nonnegative definite.
We are interested in the following version of the Maximum Principle, MP in short:

Definition 1.1. The operator F satisfies MP in 2 if every viscosity subsolution u € USC(2) of the Dirichlet
problem
{F(a:,u, Du,D?*u) =0 in §2, 1)
u=0 on 0f2

satisfies u < 0 in 0.

We denote by USC(£2) the set of upper semicontinuous functions on §2. It is worth pointing out that
in the above definition both the PDE and the boundary conditions are understood in the viscosity sense
(see Section 7 of [9]). Precisely, u is a subsolution of (1) if for all ¢ € C%(£2) and ¢ € £2, p > 0 such that
(u—)(§) =maxpnp (¢ (u— @), it holds that

F(&u(€), De(§),D*p(§)) <0 if & € 02,
min[u(€), F (€, u(€), Dp(€), D*p(€))] <0 if € € 022

Note, in particular, that the validity of the MP property implies that viscosity subsolutions cannot be
positive on 92, namely, the inequality « < 0 on 9f2 holds in the classical pointwise sense.

Before describing our results, let us recall some classical and more recent results concerning the Maximum
Principle and the principal eigenvalue.

A standard result in the viscosity theory is that, under suitable continuity assumptions on the degenerate
elliptic operator F, the Maximum Principle for viscosity subsolutions holds true if r — F(z,rp, X)
is strictly increasing (see e.g. [9]). This is only a sufficient condition. It is well known that if 2 is a
bounded smooth domain and F' is a uniformly elliptic linear operator with smooth coefficients, then the
validity of the Maximum Principle for classical subsolutions is equivalent to the positivity of the principal
eigenvalue A (F, (2) associated with Dirichlet boundary condition. This eigenvalue is the bottom of the
spectrum of the operator F' acting on functions satisfying the Dirichlet boundary condition. It follows
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