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1. Introduction

Consider the general fully nonlinear parabolic problem
Uy = F(Dzu, Du,u,z,t), (z,t)€Q:= T x (0, +00), (1.1)
u(x,0) = up(x), =& T (1.2)

To simplify our arguments, we consider the case of the d-dimensional torus T? := (R/Z)? for d > 1. Note that
up to the price of technicalities, the case of the whole space R? could be also considered. The aim of the
paper is to find assumptions on F' in order to obtain, for all ¢ > 0, a gradient bound on Du of the form

[ Du(- 8)]| , < I Duolloo. (1.3)

The main argument of the proof is to derive the equation in order to get an equation satisfied by
M (t) := maxqa M and then to prove that M is non-increasing in the viscosity sense.

As an application of our general approach, we prove gradient estimate (1.3) for the weak nonnegative
solution of the standard porous medium equation

Ut = Auma (JZ,IJ)) € Qa (14)

where 1 <m <1+ ﬁ. For such range of m, this result is new.

Similar gradient estimates are given for the problem
ur = AG(u), (z,t) € Q, (1.5)
for some class of functions G, and for the doubly nonlinear problem
up = div(¢(u, |Dul?)Du), (z,t) € Q, (1.6)

for some class of functions ©. Our estimate will be applied to two specific examples of Eq. (1.6) arising
in hydrology (and this was our initial motivation for this work). These two examples are the following
equations

uy = div (u(l — u)%), (x,t) € Q, (1.7)
and
uy = div(u(l —u)Du), (z,t) € Q. (1.8)

Eq. (1.8) derives from Eq. (1.7) as an approximation for small gradients. In these two equations the function
u represents the height of the sharp interface between salt and fresh water in a confined aquifer, see for
instance [1,3,7].

1.1. Main results

In this subsection, we will present our main results. To this end, we will start by an assumption on the
function F appearing in Eq. (1.1). In order to write this assumption, we need to introduce some notation.
For two symmetric matrices X = (;)1<ij<a and ¥ = (yi5)1<i j<q in R%>4 we denote by X : Y the
inner scalar product >, ;_, ;¥ = tr(XY). Moreover for p,q € R? we set (X - p); = > j=1. .aTijpj

andp-q= ijlwd p;q;. For later use, we also denote by ¢r(X) the trace of X.



Download English Version:

https://daneshyari.com/en/article/4643855

Download Persian Version:

https://daneshyari.com/article/4643855

Daneshyari.com


https://daneshyari.com/en/article/4643855
https://daneshyari.com/article/4643855
https://daneshyari.com

