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1. Introduction

Since recent years, a lively trend of research is studying the interplay between the combinatorial and
algebro-geometric aspects of the theory of algebraic curves; this has led to interesting progress both in
algebraic geometry and graph theory. The goal of this paper is to contribute to this progress by investigating
the connection between the notion of combinatorial rank of divisors on graphs, and the notion of rank of
Cartier divisors on an algebraic curve.

Loosely speaking, our main result is that the combinatorial rank of a divisor on a graph (a computer-
computable quantity bounded above by the degree) is a fitting uniform upper bound on the dimension
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of linear series on curves (a hard to compute quantity, unbounded regardless of the degree). To be more
precise, we need some context.

In the theory of algebraic curves, combinatorial aspects naturally appear when dealing with all curves
simultaneously, as points of an algebraic variety. Indeed, a typical phenomenon in algebraic geometry is that
the set of equivalence classes of varieties with given discrete invariants is itself an algebraic variety, whose
geometric properties reflect those of the varieties it parametrizes. The case we should here keep in mind is
the space Z\Tg , of all connected nodal curves of genus g up to stable equivalence; it is a complete variety
containing, as a dense open subset, the space of isomorphism classes of smooth curves. J\TQ has been a central
object of study for a long time, and it has been successfully used to study the geometry of algebraic curves.
Several topics in this field, among which many open problems, concern projective realizations of abstract
curves, i.e. the theory of line bundles (or Cartier divisors) and linear series.

A systematic study of these matters requires combinatorial methods to handle singular curves. Moreover,
several questions are successfully answered by degeneration techniques (specializing a smooth curve to a
singular one), where combinatorial aspects are essential; examples of this are the Griffiths—Harris proof of
the Brill-Noether theorem, in [13], or the Kontsevich, and others, recursive formulas enumerating curves on
surfaces, see [17] or [7].

In fact, since the first appearances of M,, as in the seminal paper [12], one sees associated to every nodal
curve its dual graph, having as vertices the irreducible components of the curve, and as edges the nodes of
the curve; moreover, every vertex of the dual graph is given a weight, equal to the geometric genus of the
component it represents. For any (weighted) graph G we denote by M?8(G) the set of isomorphism classes
of curves dual to G (i.e. having G as dual graph). Then we have

My, = (UM™5(G))/~

where the union is over all connected graphs of genus g, and “~” denotes stable equivalence (which we don’t
define here, see [14]).

The dual graph is a key tool to deal with the combinatorial aspects mentioned above, especially in
the theory of divisors and line bundles, when studying Néron models of Jacobians, Picard functors and
compactified Jacobians, or degenerations of linear series.

More recently, and independently of the picture we just described, a purely combinatorial theory of
divisors and linear series on graphs was being developed in a different framework; see [4] and [6]. The
discovery that this graph-theoretic theory fits in well with the algebro-geometric set-up came somewhat
as a surprise. To begin with, the group, Div(G), of divisors on a graph G is the free abelian group on its
vertices. The connection to line bundles on curves is simple: given a curve X dual to G, the multidegree of
a line bundle on X is naturally a divisor on G, so we have a map Pic(X) — Div(G).

Such developments in graph-theory provide a fertile ground to extract and study the combinatorial
aspects of the theory of algebraic curves; a remarkable example of this is the recent proof of the above
mentioned Brill-Noether theorem, given in [11].

In this spirit, as mentioned at the outset, the goal of this paper is to interpret the combinatorial rank,
ra(d), of a divisor, d, on a graph G (as defined in [6] and in [2]) by the theory of algebraic curves. We do
that by studying another invariant, the algebraic rank

,,,alg (G, d)

of the divisor d, defined in a completely different fashion, using algebro-geometric notions.

In algebraic geometry, the notion corresponding to the combinatorial rank is the rank of a line bundle,
i.e. the dimension of the space of its global sections diminished by one. Now, the algebraic rank of a divisor
on a graph G should be thought of as a uniform “sensible” upper bound on the rank of any line bundle
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