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Shell interactions

On étudie le caractére auto-adjoint de H + V, ot H = —ia -V + mf est
I'opérateur de Dirac libre dans R? et V est un potentiel & valeur mesure. Les
potentiels V' considerés sont donnés par des mesures singulieres par rapport a
la mesure de Lebesgue, avec une attention particuliere au le cas des mesures de
surface de domaines bornés réguliers. L’existence de fonctions propres non triviales
a valeur propre nulle apparait de facon naturelle dans notre approche, utilisant
des estimations connues pour 'opérateur trace défini dans les espaces de Sobolev
classiques et quelques identités algébriques de 'opérateur de Cauchy associé a H.
© 2014 Elsevier Masson SAS. All rights reserved.

1. Introduction

In this article we investigate the self-adjointness in L?(IR3)* of the free Dirac operator
H=—ia-V+mp (form>0)

coupled with measure-valued potentials, where o = (a1, a2, a3) and «; for j = 1,2,3 and § denote the
so-called Dirac matrices (see (14) in Section 3 for the details about H). Recall that H acts on spinors
plx) = (ﬁ) (r) with € R and ¢(x),x(x) € C2. Moreover, H is invariant under translations and, for
m = 0, it is also invariant under scaling because, if

* Arrizabalaga was supported in part by MTM2011-24054. Mas was partially supported by MTM2010-16232, 2009SGR-000420,
and IT-305-07. Vega was partially supported by MTM2011-24054, UFI11/52 and IT-305-07.
* Corresponding author.

E-mail addresses: naiara.arrizabalaga@ehu.es (N. Arrizabalaga), amasblesa@gmail.com (A. Mas), luis.vega@ehu.es (L. Vega).

0021-7824/$ — see front matter © 2014 Elsevier Masson SAS. All rights reserved.
http://dx.doi.org/10.1016/j.matpur.2013.12.006


http://dx.doi.org/10.1016/j.matpur.2013.12.006
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/matpur
mailto:naiara.arrizabalaga@ehu.es
mailto:amasblesa@gmail.com
mailto:luis.vega@ehu.es
http://dx.doi.org/10.1016/j.matpur.2013.12.006

618 N. Arrizabalaga et al. / J. Math. Pures Appl. 102 (2014) 617-639

ox(r) = X"tp(Ax) for A >0,

then Hyy(z) = He(Ax). We are interested on critical perturbations of H, i.e., those given by potentials
V(z) such that, when measured in an appropriate function space, the rescaled potentials

W(z) =AV(Az) for A >0 (1)

also belong to the same space and have the same size. We shall pay special attention to potentials given by
measures ¢ such that

o(B) < C diam(B)? (2)

for any ball B C R? (in particular, o and the Lebesgue measure in R3 are mutually singular), and more
precisely to surface measures of bounded regular domains. Note that, for balls centered at the origin, (2) is
invariant under the scaling given by (1) in the distributional sense.

The main question that we want to address is the following: in which sense these critical perturbations
can be considered small with respect to the free Dirac operator H ? This can be seen as a very first step to
understand more complicated settings, like for example those where V' is given by a non-linear potential. At
this respect it is worth mentioning that, as far as we know, all the available results concerning non-linear
Dirac equations involve, in one way or another, some kind of smallness either on the size of the initial data
or on the time of existence (see [9,14,3,4]).

The first kind of perturbation one could think about is the one given by potentials V' that are hermitian
and that grow like the classical Coulomb potential, that is

|z||V(z)| <v for some v > 0.

For v < 1, there exists a unique domain D where H + V is self-adjoint and such that D is a subspace of the
space of spinors with finite kinetic and potential energy, i.e.,

d
DcC {go e 2R (I — A)Y*(p) € L*(R*)" and /m? ﬁ < —l—oo},

where I, denotes the identity operator on L2(R3)* (see [12]). It is well known that, for V(z) = v/|z| and
|v| > 1, the hamiltonian is not essentially self-adjoint (see [19]), and it does not seem to exist a natural
choice among all the possible extensions. Concerning the critical case v = +1, little is known. For scalar
potentials

V(z) =v(x)ly with v(x) € R,

partial results have been obtained in [8]. The existence of a threshold at ¥ = 1 is a consequence of a
sharp inequality of Hardy type that involves H instead of the usual gradient. Note that H does not leave
invariant the set of radial spinors, hence this Hardy’s inequality is not a straightforward extension of the
classical one. Besides, recall that H is not a semibounded operator. In fact, assume that V(z) = V(—x)
and that ¢(z) = (f:) (z) is an eigenfunction with eigenvalue A\. Then ¢(z) = (;ﬁ)(—x) is an eigenfunction
with eigenvalue —\. This elemental property plays a role in one of the main results in this paper, namely
Theorem 3.8.

Motivated by the examples of potentials with Coulombic type singularities, we want to investigate the case
of potentials with a singular support on a hypersurface X C R3; spheres and hyperplanes are fundamental
examples. One may assume without loss of generality that the sphere is
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