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Let B C RN (N > 3) be a unit ball. We consider the bifurcation diagram of the
positive solutions to the supercritical elliptic equation in B

Au+ Af(u) =0 in B,
u=0 on 0B,
u>0 in B,

where f(u) = u? +g(u) (p > ps := (N+2)/(N —2)) and g(u) is a lower order term
which satisfies certain assumptions. We show that if ps < p < pyr, then the branch
has infinitely many turning points around some A\* > 0. Here,

We give an example such that the bifurcation diagram can be classified by using our

theorem and the characterization of the extremal solution by Brezis and Vazquez.

The main tool is the intersection number between regular and singular solutions.
© 2014 Elsevier Masson SAS. All rights reserved.

RESUME

Soit B C RY (N > 3) la boule unité. On considére le diagramme de bifurcation des
solutions positives de I’équation elliptique supercritique dans B

Au+ Af(u) =0 in B,
u=0 on 0B,
u >0 in B,

ot f(u) = uP 4+ g(u) (p > ps = (N +2)/(N — 2)) et g(u) est un terme d’ordre
inférieur satisfaisant certaines conditions. On montre que, si ps < p < pyr, alors la
branche a une infinité de points tournants autour d’un A* > 0. Ici,

4
oy =4 1T "Rt (N > 11),
‘ oo (2 < N < 10).
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On donne un exemple tel que le diagramme de bifurcation peut étre classé a l'aide
de notre théoréme et de la caractérisation de la solution extrémale par Brezis et
Vézquez. Le principal outil est le nombre d’intersections entre solutions régulieres
et singuliéres.
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1. Introduction and main results

Let B be a unit ball in RY (N > 3). In this paper we are interested in the global bifurcation diagram of
the semilinear elliptic Dirichlet problem

Au+Af(u)=0 in B,

u>0 in B, (1.1)
u=20 on 0B,
where
fu) =u? + g(u), (1.2)
N +2
p>ps:= N_2o (1.3)

g(u) is a lower order term, and A is a non-negative constant. The precise assumptions on f and g are
given in (f1)—(f3) below. The exponent pg is called the Sobolev critical exponent. Because p > pg, the
Sobolev embedding H!(B) < LP*1(B) does not hold. Hence, it is difficult to use a variational method in
the function space H'(B). By the symmetry result of Gidas—Ni-Nirenberg [8], every positive solution u is
radially symmetric and ||u|loc = u(0). This enables us to use ODE techniques. We assume f(0) > 0. Then
there is an unbounded branch {(A,u)} consisting of positive radial solutions of (1.1) such that the branch
emanates from (0, 0).
Motivations of this study are the following two problems:

Au+A1+4+uw)P? =0 in B,
u>0 in B, (1.4)
u=20 on 0B,

and

Au+Au+uP =0 in B,
u>0 in B, (1.5)
u=0 on 0B.

Joseph-Lundgren [10] studied the positive radial branch of (1.4) and showed that (1.4) has two types of the
solution structures depending on p and N. There exists A > 0 such that the solution to (1.4) exists only
when A < \. Let

L+ —mvmT
prLi= o TRV (1.6)

be the Joseph-Lundgren exponent introduced in [10]. When pg < p < pyr,, there exists A*(< A) such that
the branch emanating from (0,0) goes to A = A and bends back at A. This portion of the branch consists
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