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1. Introduction

The waterflooding technique is used in the secondary oil recovery methods. In this technique the water is injected into
some wells to maintain the field oil pressure and to push the oil to production wells [20]. Modeling of the simultaneous
flow of two fluids, so-called two-phase flow, plays an important role in the waterflooding (see, e.g., [5,11]).

Several locally conservative methods, such as finite difference [17], finite element [13] and finite volume [16] methods
have been applied for the spatial discretization of two-phase flow equations. Unlike local methods, spectral methods give
a global representation of the approximate solution. One of these methods is the penalty Galerkin method. In the penalty
Galerkin method, we seek for a polynomial solution whose residual is orthogonal to the polynomial space and the boundary
conditions are enforced to use a penalty method. The process employed in this method is exactly the same as applying the
discontinuous Galerkin (DG) method on a subdomain [12]. Application of DG methods to incompressible two-phase flow
may be found e.g. in Refs. [3,2,10].

For numerical simulation of a reservoir, it is necessary to use grid cells whose horizontal dimensions are much larger
than the diameter of a wellbore. If so, the oil pressure computed for a cell containing a well is greatly different from the
bottom hole pressure (BHP) of the well [8,21].

This paper aims to provide a stabilized explicit-extended penalty Galerkin method. In fact we present an extended
penalty Galerkin method (EPG) for the spatial discretization and use the forward Euler method for the temporal discretiza-
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tion. The proposed method is simple to set up and efficient to implement, and requires less computational costs than other
methods available such as the mixed finite element method [6] and finite volume method [16]. Since local methods are
generally sensitive to the grid size for obtaining an accurate approximate solution, one needs to increase the mesh size and
perform a heavy computation. We find a polynomial solution for both oil pressure and water saturation. Also, we propose
a novel well model to simulate the behavior of the injection and production well. The oil pressure in the wells is approx-
imately the same as BHP by using this novel model. We show that the proposed method is stable and find the suitable
values of the penalty term and the time steps for forward Euler method.

2. Governing equations

The governing equations describing two-phase (oil and water) incompressible, immiscible flow in a heterogeneous porous
media are given by [11]:
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boundary condition i.e. uy - v =0 for « =0, w where v is the outward unit normal to the porous media.
By neglecting gravitational effect and removing the density from both sides of equations, since fluids are immiscible,
Eqgs. (1) can be described as follows:
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In addition, the customary property for the water saturations is S, + Sy = 1 and the two pressures are related by the
capillary pressure function Pcow (Sw) = Py — Py.

Adding Eqgs. (2) and (3), employing the water saturation property and the capillary pressure function leads to the follow-
ing oil pressure equation [7]:

aP
-Vv. (1<WP0)+V-(1<AW%VSW) =0, (5)
w

where A(Sw) = Ao(Sw) +Aw(Swy) is the total mobility in which Ay (Sy) = k‘”li% for « =0, w are the phase mobilities. Since
the total mobility is always positive, the oil pressure equation (5) is elliptic.
Notice that substituting the total velocity u = u, + u,, into Eq. (3), the water saturation equation can be expressed
by [7]:
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a parabolic equation and it is a nonlinear equation, since the A,, and 1, depend on S,,. We use implicit pressure explicit

which is a parabolic equation in S,,. In general, —K is non-negative, so the water saturation equation (6) is
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