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In this paper we use Bernoulli polynomials to derive a new spectral method to find 
the numerical solutions of second order linear initial value problems. Stability and error 
analysis of this method are studied. Numerical examples are presented which support 
theoretical results and provide favorable comparisons with other existing methods.
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1. Introduction

Consider the second-order linear differential equation

y′′(x) = f (x)y′(x) + g(x)y(x) + r(x) , x ∈ I = [a,b] (1)

with initial conditions:

y(a) = ya, y′(a) = y′
a (2)

where ya and y′
a are known real values and f (x), g(x), r(x) are functions on I which ensure the existence and uniqueness 

of solution of problem (1)–(2).
In the fields of applied mathematics and physics (engineering, medical, financial, population dynamics and biological

sciences) second-order ordinary initial value problems (IVPs) are often encountered. For example, they occur in the general 
theory of electrical circuits [1], in the aerodynamic inverse shape design problem [17], and frequently in celestial mechan-
ics [20].

In most cases, this class of equations cannot be solved analytically, thus only approximate solutions can be expected. For 
this reason a large number of methods for the numerical solution of problem (1)–(2) have been proposed in the literature 
(see for instance [8,19]).

Some approaches of solving problem (1)–(2) include Nystrom, Runge–Kutta, linear multistep or predictor corrector meth-
ods [22,23,28], a combination of Runge–Kutta and multistep procedures [2], deferred-correction methods [7,18]. Recently, 
many methods for the numerical solution of second order IVPs have been developed by collocation and interpolation tech-
nique [3,4,21]. Continuous or piecewise polynomials are very mathematical power tools as they can be differentiated and 
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integrated easily and can approximate a great variety of functions to any accuracy desired. For these reasons, for the numer-
ical solution of problem (1)–(2), many methods have been developed which use polynomial basis, such as spline functions 
[27,33], Bernstein polynomials [5], Chebyshev polynomials [13,14], Hermite polynomials [9,21], Legendre polynomials [43], 
Taylor polynomials [26,32], Bernoulli polynomials [35].

Bernoulli polynomials have been extensively used for solving IVPs [37], BVPs [24,36], high-order linear and nonlinear 
Fredholm and Volterra integro-differential equations [6,39], complex differential equations [41] partial differential equations 
[38,40,42].

In the present paper we also shall use Bernoulli polynomials to derive a spectral method which produces global approxi-
mations to the solution y (x) in the form of piecewise polynomial functions. The method combines a recurrence relation for 
successive derivatives of a solution of (1) with collocation principle and provides an explicit expression of the approximat-
ing polynomial of the desired degree ν ≥ 2. We will show how, by the use of this kind of polynomials, we can construct a 
collocation method which is able to produce better results then other existing methods.

The paper is organized as follows: in Section 2 we give a short introduction to Bernoulli polynomials. We also give some 
important known results, required for our subsequent development, among which is an expansion in Bernoulli polynomials 
for real functions possessing a sufficient number of derivatives [12]. In Section 3 we present the new method. Section 4
is devoted to the study of stability and error. Finally, in Section 5, as examples, we report some numerical results. The 
approximate solutions of the considering problems are compared with the solutions obtained by other methods. A reliable 
good accuracy is obtained in all the considered cases.

2. Preliminaries

The Bernoulli polynomials of degree m, Bm(x), can be defined in various ways over the interval [0, 1]. One of them is by 
the following recursive formulas [12]⎧⎪⎨

⎪⎩
B0(x) = 1

B ′
m(x) = mBm−1(x) m ≥ 1∫ 1
0 Bm(x)dx = 0 m ≥ 1.

The Bernoulli numbers are Bm = Bm(0), m ≥ 0, and the periodic Bernoulli function of order m, B∗
m(x), are usually defined 

by the relations{
B∗

m(x) = Bm(x) 0 ≤ x < 1

B∗
m(x + 1) = B∗

m(x) .

B∗
1(x) is a discontinuous function with a jump of −1 at each integer. For m > 1, B∗

m(x) is a continuous function.
In [12] the following theorem has been proved

Theorem 1. If f (x) is a real function of class Cν , ν ≥ 1, in the interval [a, b], then, for any x ∈ [a, b] we have

f (x) = Pν(x) + Rν( f , x)

where

Pν(x) = f (a) +
ν∑

k=1
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H

)
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dt .

Remark 1. It can be proved that Pν(a) = f (a), Pν(b) = f (b).

For the bounds of truncation error Rν( f , x) the following result holds [15]:
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