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a b s t r a c t

Cyclic codes have been an important topic of both mathematics and engineering for
decades. They have beenwidely used in consumer electronics, data transmission technolo-
gies, broadcast systems, and computer applications as they have efficient encoding and de-
coding algorithms. The objective of this paper is to provide a survey of three-weight cyclic
codes and their weight distributions. Information about the duals of these codes is also
given when it is available.

© 2015 Elsevier B.V. All rights reserved.

1. Introduction

Let q be a prime power. A linear [n, κ, d; q] code over GF(q) is a κ-dimensional subspace of GF(q)n withminimumnonzero
(Hamming) weight d. An [n, κ] linear code C over GF(q) is called cyclic if (c0, c1, . . . , cn−1) ∈ C implies (cn−1, c0, c1, . . . ,
cn−2) ∈ C. By identifying any vector (c0, c1, . . . , cn−1) ∈ GF(q)n with

c0 + c1x + c2x2 + · · · + cn−1xn−1
∈ GF(q)[x]/(xn − 1),

any linear code C of length n over GF(q) corresponds to a subset of the ring GF(q)[x]/(xn −1). A linear code C is cyclic if and
only if the corresponding subset in GF(q)[x]/(xn − 1) is an ideal of the ring GF(q)[x]/(xn − 1).

It is well known that every ideal of GF(q)[x]/(xn − 1) is principal. Let C = (g(x)) be a cyclic code, where g(x) is monic
and has the smallest degree among all the generators of C. Then g(x) is unique and called the generator polynomial, and
h(x) = (xn − 1)/g(x) is referred to as the parity-check polynomial of C. If the parity check polynomial h(x) of a code C of
length n over GF(q) is the product of s distinct irreducible polynomials over GF(q), we say that the dual code C⊥ has s zeros.

Let Ai denote the number of codewords with Hamming weight i in a linear code C of length n. The weight enumerator of
C is defined by

1 + A1z + A2z2 + · · · + Anzn.
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The weight distribution (1, A1, . . . , An) is an important research topic in coding theory. First, it contains crucial information
as to estimate the error correcting capability and the probability of error detection and correction with respect to some
algorithms [39]. Second, due to rich algebraic structures of cyclic codes, theweight distribution is often related to interesting
and challenging problems in number theory. A code C is said to be a t-weight code if the number of nonzero Ai in the
sequence (A1, A2, . . . , An) is equal to t .

Cyclic codes have been widely used in consumer electronics, data transmission technologies, broadcast systems, and
computer applications as they have efficient encoding and decoding algorithms. Cyclic codes with a few weights are of
special interest in authentication codes as certain parameters of the authentication codes constructed from these cyclic
codes are easy to compute [22], and in secret sharing schemes as the access structures of such secret sharing schemes
derived from such cyclic codes are easy to determine [8,21,62]. Cyclic codes with a fewweights are also of special interest in
designing frequency hopping sequences [17]. Three-weight cyclic codes have also applications in association schemes [3].
These are some of the motivations for studying cyclic codes with a few weights.

There is a nice survey of two-weight linear codes by Calderbank and Kantor [4]. To the best of our knowledge, there is no
such reference on two-weight cyclic codes in literature. The reader is referred to [27] and the references therein for recent
progress in two-weight cyclic codes. The objective of this paper is to provide a survey on three-weight cyclic codes and their
weight distributions. Information on the duals of these three-weight codes is also given when it is available.

The remainder of this paper is organized as follows. Section 2 fixes some notations for this paper. Section 3 surveys three-
weight cyclic codes whose duals have only one zero. Section 4 gives a well-rounded treatment of three-weight cyclic codes
whose duals have two zeros. Section 5 presents a generic construction of three-weight cyclic codes. Section 6 introduces a
method of shortening some three-weight cyclic codes. Section 7 makes some concluding remarks.

2. Some notations fixed throughout this paper

Throughout this paper, we adopt the following notations unless otherwise stated:

(a) p is a prime, and q is a positive power of p.
(b) r = qm, where m is a positive integer.
(c) n denotes the length of a cyclic code over GF(q) and is either r − 1 or a divisor of r − 1.
(d) ZM = {0, 1, . . . ,M − 1} denotes the ring of integers moduloM .
(e) Trqℓ/q(x) is the trace function from GF(qℓ) to GF(q).
(f) Ca denotes the q-cyclotomic coset modulo n containing a, where a is any integer with 0 ≤ a ≤ n − 1, and ℓa := |Ca|,

which is the size of the q-cyclotomic coset Ca.

3. Three-weight cyclic codes whose duals have one zero

Let N > 1 be an integer dividing r − 1, and put n = (r − 1)/N . Let γ be a generator of GF(r)∗ and let θ = γ N . The set

C(r,N) = {(Trr/q(β), Trr/q(βθ), . . . , Trr/q(βθn−1)) : β ∈ GF(r)} (1)

is called an [n,m0] irreducible cyclic code over GF(q), where Trr/q is the trace function from GF(r) onto GF(q), m0 is the
multiplicative order of q modulo n and m0 divides m. The parity-check polynomial of C(r,N) is the minimal polynomial
over GF(q) of θ−1 and is irreducible.

Irreducible cyclic codes are an interesting topic of study for decades. The celebrated Golay code is an irreducible cyclic
code and was used on the Mariner Jupiter–Saturn Mission. Irreducible cyclic codes form a special class of cyclic codes and
are interesting in theory as they are minimal cyclic codes. The total number of nonzero Hamming weights in an irreducible
cyclic code could be any positive integer. Their weight distributions are extremely complicated. The reader is referred to [23]
for information on the weight distribution of irreducible cyclic codes.

The following theorem documents a class of three-weight irreducible cyclic codes [13,23].

Theorem 3.1. Let N be a divisor of r − 1. When gcd((r − 1)/(q − 1),N) = 3 and p ≡ 1 (mod 3), the set C(r,N) in (1) is a
[(qm − 1)/N,m] code with the following weight enumerator:
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where c1 and d1 are uniquely given by 4qm/3
= c21 + 27d21, c1 ≡ 1 (mod 3) and gcd(c1, p) = 1.

4. Three-weight cyclic codes whose duals have two zeros

In this section, we deal with three-weight cyclic codes whose duals have two zeros, and distinguish between the binary
and nonbinary cases. We will also discuss relations between the weight distribution of a cyclic code whose dual has two
zeros and the correlation value distribution of two related maximum-length sequences.
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