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of the Cartesian product of two cycles was previously determined for some cases. In this
paper, we determine the precise value of x ((C,,0OC,)?) for all the remaining cases. We show

that for all ordered pairs (m, n) except for (7, 11) we have x ((C,0C,)?) = [WL

o ((CmCn)?
Keywords: where «(G) denotes the independent number of G. This settles a conjecture of S(E)genrz; :;nd
2-distance colouring Wu (2010). We also show that the smallest integer k such that x ((C,0C,)?) < 6 for every
Cartesian product m, n > kis 10. This answers a question of Shao and Vesel (2013).
Torus © 2015 Published by Elsevier B.V.

1. Introduction

A k-distance colouring of a graph is a colouring of its vertices such that any two vertices at distance at most k receive
distinct colours. By the kth power of a graph G denoted by G¥, we mean the graph with the same set of vertices in which two
vertices are adjacent when their distance in G is at most k. For a given graph G, it is of interest to find y;(G), the minimum
number of colours necessary to have a k-distance colouring of G. Note that x;(G) = x (G¥), where y stands for the ordinary
chromatic number. The k-distance colouring of a graph was defined by Florica Kramer and Horst Kramer in 1969 [5,6] and
has been studied extensively throughout the literature, for a survey see [7]. The Cartesian product of two graphs G and H,
denoted by GOH, is a graph with vertex set V(G) x V(H) where two vertices (u, u’) and (v, v’) are adjacent when either
u = v and u’ is adjacent with v in H, or v’ = v" and u is adjacent with v in G. For u € V(H) let G, = GO{u} and for v € V(G)
let H, = {v}OH. We call G, the uth column and H, the vth row of GOH. For convenience let Ty, , stand for C,00C,, and let
«(G) stand for the size of an independent set in G with maximum cardinality. It is clear that for every graph G

[V(G)]
G) > . 1
x(G) = 2(©) (1)
Sopena and Wu [10] proposed the following conjectures.
2
Conjecture 1 ([10]).If m,n > 3, then x (T7 ) = (lzg’;"“;ll.

Conjecture 2 ([10]). There exists some constant c such that if m, n > c, then x (Tnzm) < 6.

B.M. Kim, et al. in [4] have worked on the conjecture above, while Shao and Vesel [9] discovered a colouring showing that
Conjecture 2 holds for ¢ = 40. More formally, they proved the following theorem.
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Theorem A ([9]). If m, n > 40, then x (T2 ,) < 6.
Also, Shao and Vesel [9] proposed the following question.

Question 1 ([9]). What is the smallest c such that if m, n > c, then x (Tnzqqn) <6?

Jamison and Matthews [2], Mahmoodian and Mousavi [8], also Sopena and Wu [10] independently proved the following
theorem.

Theorem B. Forall mandn, x (Tnzm) = 5 ifand only if both m and n are multiple of 5.

The exact values of x (Trﬁ’n) are determined in some papers for infinitely many other cases of (m, n), see [3,8-10]. Here we

find x (Trﬁ.n) for all remaining cases which were not known. Also we show that Conjecture 1 holds for all m and n except
when (m, n) = (7, 11) and also we show that the optimal value of ¢ in Question 1 is 10.
The number c in Question 1 is equal to 10.

2. General results

We state a theorem from [3] which is a generalization of Theorem B. They state this theorem with different mathematical
language and notation. An important corollary of this theorem will be used to prove Conjecture 1. We give a proof for one
side of this theorem which can be instrumental in the proof of its corollary.

Theorem C ([3]). Let G = C;,0C,,0 [mmmemﬁ—zw+uMme¢W“ =2k+ 1.

Proof. (=) Let V(G?) = {(X1,%2,...,%) | 0 < x; < n; — 1}. Assume that A is an arbitrary independent set of G2. Let
e;i=(0,...,0,1,0,...,0)ande_; = (0,...,0,—1,0,...,0), where for each i, 1 < i < k, the ith coordinate is equal to
+1or —1.Foreachx € Ag let Ay = {x} U {x +e4; | 1 <i < k}, where addition is taken modulo n;. Now let A = Uyea, Ax. A
is a collection of pairwise disjoint sets each of size 2k + 1. Therefore, (2k + 1)« (G?) < |[V(G?)].So

V(G
a(G?)

By the hypothesis x (G2) = 2k + 1, hence %
For («<=)see[3]. O

x(G*) >

> 2k + 1. )

L= 2k + 1.

(G2

Corollary 1. Let G = Cy,0G,, 0] [IW¢Xm5<M+2mm[%QW_ (GY).
V(G|

Proof. If x (G*) = 2k+1 then the statement follows from Theorem C.If x (G?) = 2k+2 thenby (1) 2k+2 = x (G?) > la(GZ)

and by (2) and Theorem C, we have 'Z((gi))l >2k+1. 0O
Let x and y be two integers, and
S(x,y) = {ax+ By | @, B are nonnegative integers}.

Sylvester has shown the following lemma.

Lemma A ([1,11]). Let x and y be relatively prime integers greater than 1. Thenn € S(x,y) foralln > (x — 1)(y — 1). O
By applying Sylvester's Lemma, one can observe that
$(5,6) =N\ {1,2,3,4,7,8,9, 13, 14, 19}.

Theorem 1. If m, n € S(5, 6), then x (T2 ) < 6.

Proof. The following patterns are proper 6-colourings of T3 ¢, T3 ¢, Tg 5, and Tg 4, respectively.

13524 135264

13524 135264
24635 246 315

24135 246 315
35146 351426
A=|35641 B=|351426 C= D= .
46251 462531

42356 423651
56413 564132 > 1362 > 13642
62413 624153

2 2 2 2
T5,5 TS,S T6,5 TG,G
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