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1. Introduction

We consider finite hypergraphs H, which are ordered pairs (V(H), E(H)) of two sets, where V (H) is the finite set of vertices
of H and E(H) is the set of edges of H, which are subsets of V(H). The order n(H) of H is the cardinality of V(H). The degree
dy (u) of avertex u of H is the number of edges of H that contain u. The average degree d(H) of H is the arithmetic mean of the
degrees of its vertices. Two distinct vertices of H are adjacent or neighbors if some edge of H contains both. The neighborhood
Ny (u) of a vertex u of H is the set of vertices of H that are adjacent to u. For a set X of vertices of H, the hypergraph H — X
arises from H by removing from V (H) all vertices in X and removing from E (H) all edges that intersect X. If every two distinct
edges of H share at most one vertex, then H is linear. If H is linear and for every two distinct non-adjacent vertices u and v of
H, every edge of H that contains u contains at most one neighbor of v, then H is double linear. If there are not three distinct
vertices uy, Uy, and u3 of H and three distinct edges ey, e, and e3 of H such that {uq, u,, us} \ {u;} € e;fori € {1,2, 3},
then H is triangle-free. A set I of vertices of H is a (weak) independent set of H if no edge of H is contained in I. The (weak)
independence number a(H) of H is the maximum cardinality of an independent set of H. If all edges of H have cardinality r,
then H is r-uniform. If H is 2-uniform, then H is referred to as a graph.
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The independence number of (hyper)graphs is a well studied computationally hard parameter. Caro [4] and Wei [14]
proved a classical lower bound on the independence number of graphs, which was extended to hypergraphs by Caro and
Tuza [5]. Specifically, for an r-uniform hypergraph H, Caro and Tuza [5] proved

a(H) = Y fore(du),

ueV(H)

1 —1
where fery (d) = (‘H&j ) .Thiele [ 13] generalized Caro and Tuza’s bound to general hypergraphs; see [3] for a very simple

probabilistic proof of Thiele’s bound. Originally motivated by Ramsey theory, Ajtai et al. [2] showed that «(G) =

.Q(l”dféf)n(c)) for every triangle-free graph G. Confirming a conjecture from [2] concerning the implicit constant,

Shearer [11] improved this bound to a(H) > fs,(d(G))n(G), where fs, (d) = d‘&d_j;jﬂ In [11] the function f;, arises as a
solution of the differential equation

d+ Df(d) =1+ (d—d*)f'(d) and f(0)=1.
In [12] Shearer showed that

@(G) = Y fi,(dcw)

uev(G)

for every triangle-free graph G, where fs, solves the difference equation

d+1)f(d) =1+ (d— dz)(f(d) —f(d— 1)) and f(0) = 1.

Since fs, (d) < fs, (d) for every non-negative integer d, and fs, is convex, Shearer’s bound from [12] is stronger than his bound
from [11].
Li and Zang [ 10] adapted Shearer’s approach to hypergraphs and obtained the following.

Theorem 1 (Li and Zang [10]). Let r and m be positive integers with r > 2.
If H is an r-uniform double linear hypergraph such that the maximum degree of every subhypergraph of H induced by the
neighborhood of a vertex of H is less than m, then

a(H) = D fize.m (dn (W),
ueV(H)
where
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Note that for r > 2, an r-uniform linear hypergraph H is triangle-free if and only if it is double linear and the maximum
degree of every subhypergraph of H induced by the neighborhood of a vertex of H is less than 1. Therefore, since fs, = fiz2,1)
and fs, is convex, Theorem 1 implies Shearer’s bound from [11]. Nevertheless, since fs, (d) < fs, (d) for every integer d with
d > 2, Shearer’s bound from [12] does not quite follow from Theorem 1.

In [6] Chishti et al. presented another version of Shearer’s bound from [11] for hypergraphs.

Theorem 2 (Chishti et al. [6]). Let r be an integer withr > 2.
If H is an r-uniform linear triangle-free hypergraph, then

a(H) > fezpiry (d(H))n(H),
where
1 1 1—t
Jeznn @) = /0 A —Dx—Dp"

—r=2
andb = =.

Since fs; = fezpi2), for r = 2, the last result coincides with Shearer’s bound from [11].
A drawback of the bounds in Theorems 1 and 2 is that they are very often weaker than Caro and Tuza’s bound [5], which
holds for a more general class of hypergraphs. See Fig. 1 for an illustration.
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