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a b s t r a c t

A graph G is said to be K1,r -free if G does not contain an induced subgraph isomorphic to
K1,r . Let k, r be integers with k ≥ 2, r ≥ 4. In this paper, we prove that if G is a K1,r -free
graph of order at least (k− 1)(3r − 2)+ 1 with δ(G) ≥ 3, then G contains k vertex-disjoint
copies of K1,3. This result shows that Fujita’s conjecture (2008) is true for t = 3 and r ≥ 4.

© 2016 Elsevier B.V. All rights reserved.

1. Introduction

Wediscuss only finite simple graphs and use standard terminology and notation from [1] except as indicated. For a graph
G, we denote by V (G), E(G) and δ(G) the vertex set, the edge set and the minimum degree of G, respectively. We use E to
denote the edge set of G if there is no confusion. A set of subgraphs of G is said to be disjoint if no two of them have any
vertex in common. For disjoint subgraphs H1 and H2 of G, the union of H1 and H2, denoted by H1 ∪ H2, is the subgraph with
vertex set V (H1) ∪ V (H2) and edge set E(H1) ∪ E(H2). By starting with H1 ∪ H2 and adding edges joining every vertex of
H1 to every vertex of H2, we obtain the join of H1 and H2, denoted by H1 + H2. A graph G is said to be K1,r -free if G does not
contain an induced subgraph isomorphic to K1,r . In particular, a graph G is said to be claw-free when G is K1,3-free. Let Kn be
a complete graph of order n.

Sumner [7] showed that a connected claw-free graph of order 2k contains a perfect matching, i.e., k disjoint copies of K2.
Note that K2 is K1,1, Fujita considered the existence of k disjoint copies of K1,t (t ≥ 2) in forbidden graphs. In [3,4], Fujita
proposed the following conjecture:

Conjecture 1.1 (Fujita, [3,4]). Let k, r , t be integers with k ≥ 2, r ≥ 3 and t ≥ 2. If G is a K1,r -free graph of order at least
(k − 1)(t(r − 1) + 1) + 1 with δ(G) ≥ t, then G contains k disjoint copies of K1,t .

If the conjecture is true, the bound on |V (G)| is best possible. To see this, let Bi = Kt for each i with 1 ≤ i ≤ r − 1,
and consider G = ∪

k−1
i=1 Ai, where Ai = K1 + ∪

r−1
j=1 Bj for each i with 1 ≤ i ≤ k − 1. Then G is a K1,r -free graph of order

(k − 1)(t(r − 1) + 1) with δ(G) ≥ t . It is easy to check that G does not contain k disjoint copies of K1,t .
Fujita [3] confirmed that the conjecture is true for t = 2, and proved the following theorem in [4], which shows that

Conjecture 1.1 is true for t = r = 3 because K1 + (K1 ∪ K2) contains K1,3.

Theorem 1.2 (Fujita, [4]). Let k be an integer with k ≥ 2. If G is a claw-free graph of order at least 7k − 6 with δ(G) ≥ 3, then
G contains k disjoint copies of K1 + (K1 ∪ K2).
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Recently, Gao and Zou proved a similar result for K1,4-free graph.

Theorem 1.3 (Gao and Zou, [5]). Let k ≥ 2 be an integer. If G is a K1,4-free graph of order at least 11k − 10 with δ(G) ≥ 4,
then G contains k disjoint copies of K1 + (K1 ∪ K2).

In this paper, we prove the following result, combined with Theorem 1.2, we see that Conjecture 1.1 is true for t = 3.

Theorem 1.4. Let k, r be integers with k ≥ 2, r ≥ 4. If G is a K1,r -free graph of order at least (k−1)(3r −2)+1with δ(G) ≥ 3,
then G contains k disjoint copies of K1,3.

There are some results concerning the existence of k disjoint copies of K3 in forbidden graphs. Wang [8] proved that if
G is a claw-free graph of order at least 6k − 5 with δ(G) ≥ 3, then G contains k disjoint copies of K3. In the same paper,
Wang proposed the following conjecture: For each integer t ≥ 4, there exists an integer kt depending on t only such that
h(t, k) = 2t(k − 1) for all integers k ≥ kt , where h(t, k) is the smallest integer m such that every K1,t-free graph of order
greater thanm andwithminimumdegree at least t contains kdisjoint triangles. However, in [9], Zhang et al. totally disproved
the conjecture and obtained a lower bound and an upper bound of h(t, k).

Ramsey number is a very useful tool in this paper. For graphs G1 and G2, the Ramsey number R(G1,G2) is the smallest
positive integer n such that every graph G of order at least n contains G1 or the complement of G contains G2. The following
is a well-known result of Chvátal [2].

Theorem 1.5 (Chvátal, [2]). Let Tn be a tree of order n. Then R(Tn, Km) = (n − 1)(m − 1) + 1.

In particular, we have the following Corollary (also see [6] in Page 26).

Corollary 1.6. R(K1,n, Km) = n(m − 1) + 1.

We use the following notations in this paper. For a subset U of V (G), G[U] denotes the subgraph of G induced by U . If
H is a subgraph of G, written as G ⊇ H , and let G − H = G[V (G) − V (H)]. For a subgraph H of G and a vertex x ∈ V (G),
the neighborhood of x in H is denoted by N(x,H) and let d(x,H) = |N(x,H)|. For disjoint subgraphs H1 and H2 of G, we let
E(H1,H2) denote the set of edges of G joining a vertex in H1 and a vertex in H2, and N(H1,H2) denote the set of neighbors
of H1 in H2. Clearly, |N(H1,H2)| = | ∪v∈H1 N(v,H2)| ≤


v∈H1

d(v,H2).

2. Proof of Theorem 1.4

Let k, r be integers with k ≥ 2, r ≥ 4. Let G be a K1,r -free graph of order at least (k−1)(3r −2)+1 with δ(G) ≥ 3. Take s
disjoint subgraphs C1, C2, . . . , Cs such that Ci contains K1,3 as a spanning subgraph for each iwith 1 ≤ i ≤ s. Let C = ∪

s
i=1 Ci

and H = G − C . We choose C1, C2, . . . , Cs so that

s is maximum, (1)

and subject to (1),

s
i=1

|E(Ci)| is maximum. (2)

We may assume that s ≤ k − 1. By the maximality of s, H does not contain a copy of K1,3. Thus we have ∆(H) ≤ 2. Note
that δ(G) ≥ 3,we see d(v, C) ≥ 1 for each v ∈ V (H). It follows that |N(C,H)| = |H| ≥ (k−1)(3r−2)+1−4s ≥ (3r−6)s+1
as s ≤ k − 1. Note that

s
i=1 |N(Ci,H)| ≥ |N(C,H)|, so there exists a Ci, say C1, such that |N(C1,H)| ≥ 3r − 5.

Let V (C1) = {a, b, c, d} with d(a, C1) = 3. By the maximality of s, we see G[V (H ∪ C1)] does not contain two disjoint
copies of K1,3. We first prove the following claims.

Claim 2.1. If |N(x,H)| ≥ 3 for some x ∈ V (C1), we may assume that {x1, x2, x3} ⊆ N(x,H), then |N(y,H − {x1, x2, x3})| ≤ 2
for each y ∈ V (C1) − x.

Proof. If |N(y,H−{x1, x2, x3})| ≥ 3 for some y ∈ V (C1)−x, thenG[{x, x1, x2, x3}] ⊇ K1,3 andG[N(y,H−{x1, x2, x3})∪{y}] ⊇

K1,3, it follows that G[V (H ∪ C1)] contains two disjoint copies of K1,3, this is contrary to the maximality of s. �

Claim 2.2. If E(C1) = {ab, ac, ad, bc, bd} and |N(x,H)| ≥ 4 for some x ∈ {a, b}, then |N(y,H)| ≤ 1 for each y ∈ {c, d}.

Proof. Note that d(a, C1) = d(b, C1) = 3 and d(c, C1) = d(d, C1) = 2. We see that a and b are symmetric, and c and d are
symmetric. We may assume |N(a,H)| ≥ 4. If |N(c,H)| ≥ 2 or |N(d,H)| ≥ 2, by symmetry, we may assume |N(c,H)| ≥ 2.
It is easy to see that G[N(c,H) ∪ {c, b}] contains a copy of G1 ∼= K1,3 such that {c, b} ⊆ V (G1). Thus |N(a,H) − V (G1)| ≥ 2.
So we have G[(N(a,H) − V (G1)) ∪ {a, d}] ⊇ K1,3, it follows that G[V (H ∪ C1)] contains two disjoint copies of K1,3, this is
contrary to the maximality of s. �
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