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a b s t r a c t

We give an affirmative answer to an old conjecture proposed by Ludwig Danzer: there is a
unique dissection of the square into five congruent convex tiles.

© 2015 Elsevier B.V. All rights reserved.

1. Introduction and notation

In the eighties of the last century, Ludwig Danzer conjectured in several conferences that there is a unique dissection of
the square into five congruent parts—see Fig. 1. In its most general setting, the conjecture asks the parts to be finite unions
of closed topological discs.

Danzer formulated his conjecture for the case that the parts are convex, and for the general case as well. We give here an
affirmative answer for the case where the parts are convex.

Dissecting convex and other bodieswas a frequent occupation ofmankind since prehistorical times.Wemake no attempt
here to evoke those efforts and achievements in arts (like painting and cuisine) and sciences, throughout the millennia. As
just one example of relatively recent work, we mention Archimedes’ ‘‘Ostomachion’’ [1], because he dissected precisely the
square.

For many of the mathematical variants, we recommend Grünbaum and Shephard’s authoritative book [3], but have to
mention the existence of several other important books and surveys in this area.

Danzer’s conjecture can be obviously generalized to one in which dissection into n congruent tiles is required, where n
is any prime number not less than 3 (see Problem 4). The case n = 3 has been solved by Maltby [5].

For points p, q ∈ R2, let pq denote the line-segment from p to q, including p and q, and let |pq| be its length. For
M ⊂ R2, diamM , intM , bdM , A(M) denote its diameter, interior, boundary, area, respectively. The convex hull of the finite
set {a1, . . . , an} ⊂ R2 will be denoted by a1...an. The circle with centre x and radius r will be denoted by C(x, r).

Consider the square Q = [0, 1]2.
A compact convex set K ⊂ R2 is called here a tile, if Q is the union of five congruent copies of K such that any two of

them are either disjoint or have just boundary points in common. Throughout the paper, these five tiles will be denoted
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Fig. 1.

Fig. 2.

by K1, . . . , K5. Obviously, K must be a convex polygon. Indeed, since the convex tiles Ki form a tiling of the square, the
intersection of two tiles is either empty, or a single point, or a line-segment; so K has a boundary consisting of finitely many
line-segments, and hence is a polygon. We will call here this particular dissection a tiling.

The boundaries of the five tiles form a graph, which has as vertices the vertices of the tiles and as edges their sides or
parts of them, joining those vertices. We use the same term of tiling when referring to this graph.

Let v1 = (0, 1), v2 = (1, 1), v3 = (1, 0), v4 = (0, 0), and put v5 = v1. So Q has vertices vi and sides vivi+1 (i = 1, . . . , 4).
Put Q ∗

= bdQ \ {v1, v2, v3, v4}.
Themain steps of our proof of Danzer’s conjecture are these: first, we eliminate the possibility that the tiles are triangles.

Then we eliminate several topologically different cases of tiling the square Q . Third, we show that some edge of Q must
contain no vertex of the tiling, which provides the strong geometric property of the tiles of having a side of length 1. Finally,
we are led to the obvious tiling.

2. Preparation

Lemma 1. K is not a triangle.

Proof. This is a direct consequence of Monsky’s theorem saying that there is no tiling of the square into an odd number of
triangles of equal areas [6]. Although the proof of Monsky’s theorem is elegant and not too long, we give here a very simple
argument for (the weaker) Lemma 1.

Suppose there exists a tiling of Q into five congruent triangles. The angle sum of the five triangles is 5π . The sum of the
angles in the four corners of Q is 2π . Therefore, further vertices must account for precisely 3π—thus, they are at least two
and at most three. Choose the points p = (3/5, 3/5), q = (0, 3/5).

Claim 1. The triangle v1v2p cannot be a tile. Indeed, suppose it is. We have ̸ v1pv2 > π/2, ̸ pv2v1 = π/4, ̸ v2v1p =

arctan 2
3 .

Then another tile must have a vertex at v1. Its angle there can only measure π/4 or arctan 2
3 . Therefore there must be a

further tile with vertex at v1. The remaining angle at v1 for this tile is at most

π

2
− 2 arctan

2
3

< arctan
2
3
,

so this is impossible. See Fig. 2(a).
Claim 2. The triangle v1v2q cannot be a tile. Indeed, suppose it is. We have |qv1| = 2/5, |v1v2| = 1, |v2q| =

√
29/5. Then

|qv4| = 3/5. As a line-segment of length 3/5 is not a union of line-segments of length at least 2/5 with pairwise disjoint
relative interiors, Claim 2 is true.
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