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1. Introduction

Let H be a fixed graph. The Turdn number of H, denoted ex(n, H), is the maximum number of edges a graph with n vertices
can have, which contains no copy of H. The Erdds-Stone theorem from [5] gives an asymptotic formula for the Turdn number
of any non-bipartite graph, and this formula depends on the chromatic number of the graph H.

When H is a complete bipartite graph, determining the Turan number is related to the “Zarankiewicz problem” (see [3],
Chap. VI, Sect. 2, and [6] for more details and references). In many cases even the question of determining the right order of
magnitude for ex(n, H) is not known.

Let K; ; denote the complete bipartite graph with ¢ vertices in one class and s vertices in the other. The probabilistic lower
bound for K; s

ex(n Kt s) > Cn27(5+f72)/(5f7‘1)

is due to Erdds and Spencer [4]. Kévari, S6s and Turan [12] proved that fors > t

ex(n, Keo) < 2(s — DV'n> V' + 1t — Dn. (1.1)

The norm graph I"(t), which we will define in the next section, has n vertices and about %nzfl/‘ edges. In [1] (based on

results from [11]) it was proven that the graph I"(t) contains no copy of K; (—1yi11, thus proving that fors > (t — 1)! 4+ 1,

ex(n, Ks) > cn*~ 1/t

for some constant c.

In [2], it was shown that I"(4) contains no copy of Ks 5, which improves on the probabilistic lower bound of Erdés and
Spencer [4] for ex(n, Ks 5). In this article, we will generalise this result and prove that I"(t) contains no copy of K1, (¢—1)1—1.
Fort > 5, this does not improve the probabilistic lower bound of Erdds and Spencer, but, as far as we are aware, it is however
the deterministic construction of a graph with n vertices containing no K1 (—1)—1 with the most edges.
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2. The norm graph

Suppose that ¢ = p", where p is a prime, and denote by IF, the finite field with g elements. We will use the following
properties of finite fields. For any a, b € F,, (a + b)? = a” + b?, foranyi € N.Foralla € F, a? = aifand only ifa € F,.

Finally N(a) = a9+ +9"" € F,, forall a € Fy, since N(@)¢ = N(a).

Let F denote an arbitrary field. We denote by P, (FF) the projective space arising from the (n + 1)-dimensional vector
space over F. Throughout dim will refer to projective dimension. A point of P, (F) (which is a one-dimensional subspace of
the vector space) will often be written as (u), where u is a vector in the (n 4+ 1)-dimensional vector space over F.

Let I'(t) be the graph with vertices (a, ) € Fyu-1 X Fg, @ # 0, where (a, «) is joined to (d, «) if and only if
N(a+d) = aa’. The graph I" (t) was constructed in [ 11], where it was shown to contain no copy of K; ;1. In[1] Alon, Rényai
and Szabé proved that I"(t) contains no copy of K; (—1).+1. Our aim here is to show that it also contains no K1, ¢—1y—1,
generalising the same result for t = 5 presented in [2].

Let

qr

V{1, o®1,d)® - ®1,a" )|aeFu1}CPui_ (Fy).
The set V is the affine part of an algebraic variety that is in turn a subvariety of the Segre variety
Y =P xP; x---xPq,
where Py = P¢(FF,). We briefly recall that a Segre variety is the image of the Segre embedding:
0: (U, Ve s V) EPy g X Py X - XPp 1 > 01 @0 ® - @ Uk € Prypyemy—1

L.e.itis the set of points corresponding to the simple tensors. For the reader that is not familiar to tensor products we remark
that, up to a suitable choice of coordinates, if v; = (x(()'), xg’), e x;i_l), then v; ® v, ® - - - ® vy is the vector of all possible

products of type: xfll)xfz) .- -x;f)

Then, the affine point P, = (1,a) ® (1,a9) ® --- ® (1,a% ) has coordinates indexed by the subsets of T :=
{0,1,...,t — 1}, where the S-coordinate is

()

for any non-empty subset S of T and

1_[ a =1
ieS
when S = ¢ (see [13]).
Letn =21 -1,
We order the coordinates of P, (F 1) so that if the ith coordinate corresponds to the subset S, then the (n—i)th coordinate
corresponds to the subset T \ S.
Embed the P, (F 1) containing V as a hyperplane section of P, (Fy-1) defined by the equation X, = 0.
Let b be the symmetric bilinear form on the (n + 2)-dimensional vector space over Fy—1 defined by

(see [10] for an easy overview on Segre varieties over finite fields).

n
b(u,v) = E UiVn—i — Un41Vn41.
i=0

Let L be defined in the usual way, so that given a subspace 7 of Py 1 (Fy-1), IT+ is the subspace of P, (Fge-1) defined by

I+ = {v|b(u,v)=0, forallu € IT}.

We wish to define the same graph I'(t), so that adjacency is given by the bilinear form. Let P = (0,0, 0, ..., 1). Let I’ be
a graph with vertex set the set of points on the lines joining the affine points of V to P obtained using only scalars in Fg,
distinct from P and not contained in the hyperplane x,,; = 0. Join two vertices (u) and (u’) in I"" if and only if b(u, u’) = 0.
It is a simple matter to verify that the graph I"’ is isomorphic to the graph I' (t) by the map P, + oP — (a, «) since

Na+b—ap=>" T[] ab” —ap=bwv),
SCT ieS, jeT\S

where

=1L ®1Ld)e---®1,a ") +aP,
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