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1. Introduction

Let N be the set of natural numbers and R the set of real numbers. An n-lattice path is a sequence L of two-dimensional
vectors

L= (Xf7 .Vf)?z] = (Xl».Vl)(XZs yz) e (xﬂ’.yﬂ)v
where (x;, ¥;) € N x R for every i. We call the vector (x;, y;) a step of the path L.
Letayg = 0,s9 = 0, and

i i
G=)x s=yy 1<i<n
j=1 j=1
then L corresponds to the following sequence of points

(a0, so)(ai, 51) - - - (@n, Sn)-
We call (ay, s,) the end point of L. Let P(L) be the set of indices of points above x-axis in the path L, i.e., P(L) = {i | s; > 0},
and p(L) = |P(L)|. Moreover, we use m(L) to denote the index of the leftmost point whose y-coordinate is maximal in the
pathl,i.e.,

m(L) = min{i | s; > sjforanyj e {0, 1,...,n}}.

Example 1.1. Let L = (2, —1)(1, 2)(1, =1)(1, 1)(1, 1)(1, —1)(2, 1)(2, —1). We draw the lattice path which starts at the
origin (0, 0) as given in Fig. 1.
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Fig. 1. The lattice path L.

Then
P(l) ={2,4,5,6,7,8},p(l) =6 and m(l) = 5.

Givenani € {1, 2, ..., n}, the ith cyclic permutation L; of L is the following sequence
Li = (i, ¥i) - (n, Yu) (X1, Y1) -+ - Kim1, Yie1)-
Let
PL) ={py li€{1,2,...,n}},
ML) ={m(L) |ie{l,2,...,n}}.
Obviously, if s, > 0 then
P(L) <{1,2,...,n},
ML) € {1,2,...,n}.
Forevery k € {1, 2,...,n},if
PL)=1{1,2,...,n}
then there is exactly one cyclic permutation L; of L such that p(L;) = k, and if
ML) ={1,2,...,n}

then there is exactly one cyclic permutation L; of L such that p(L;) = k. Thus, for s, > 0, an interesting problem is:

Problem 1.2. Determine necessary and sufficient conditions for
P ={1,2,...,n},
ML) ={1,2,...,n},

or

PL) =ML ={1,2,...,n).

Fors, < 0, we have

P(L)C{0,1,...,n—1},
ML) C{0,1,...,n—1}.

Similarly, we are also interested in the following problem:

Problem 1.3. Determine necessary and sufficient conditions for
PO =1{0,1,...,n—1},
ML) =1{0,1,...,n— 1},

or

P(L) =ML ={0,1,...,n—1}.

These problems have been studied by several authors and partial results obtained. In the case of s, = 0, Spitzer [24] gave

sufficient conditions for (L) = M(L) = {0,1,...,n — 1}. Let L = (x;, ¥;)[_; be an n-lattice path with s, = 1, where y;
is integer for any i € {1, 2, ..., n}. Raney [23] discovered a fact: there exists a unique cyclic permutation L; of L such that
p(L;)) = n. Narayana [21] gave sufficient conditions for (L) = {1, 2, ..., n}. Graham and Knuth’s book [12] introduced

a simple geometric argument of the results obtained by Raney. This geometric argument gave sufficient conditions for

P(L) = M(L) ={1,2,...,n}.Recently, Huang, Ma and Yeh [ 14] solved Problems 1.2 and 1.3 completely.
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