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1. Introduction

Let G be a graph with vertex-set V(G), edge-set E(G), and minimum degree §(G). A card or vertex-deleted subgraph of G is
a graph of the form G — v, where v € V(G). Two graphs G and H of order n have n — p cards in common if their vertices can be
labeledas vy, ..., vpand uy, ..., u,, respectively,sothat G—v; = H—u; (i = 1, ..., n—p). The well-known Reconstruction
Conjecture is that if two graphs of order n > 3 have n cards in common, then they are isomorphic (see, for example, [1,2]).

It is of interest to explore what one can deduce about two graphs if they have n — p cards in common, especially when n
is large in terms of p. Myrvold [3] proved the following result.

Theorem 1.1 ([3]). If G and H are graphs of order n > 7 with n — 1 cards in common, then G and H have the same degree
sequence.

The condition n > 7 here is sharp: for n = 6, there is exactly one pair of graphs forming a counterexample, found by
Myrvold and shown in Fig. 1(a). (Note that each of the graphs in Fig. 1(a) is isomorphic to the complement of the other; if
this were not so, then their complements would form another counterexample.)

The proof of Theorem 1.1 is mainly devoted to proving that G and H have the same number of edges. It is easy to see
that if G and H have n — 1 cards in common and the same number of edges then they have the same degree sequence: see
Lemma 2.1(c). This does not hold if G and H have n — 2 cards in common: the two graphs of order four with two edges have
two cards in common but different degree sequences. It is not clear whether this is possible if n is much larger. At present,
it is not even known whether, for sufficiently large n, having n — 2 cards in common is enough to force two graphs of order
n to have the same number of edges. Ramachandran and Monikandan [4] proved the following.

Theorem 1.2 ([4]).If G and H are graphs of order n > 6 with minimum degree at least 2 and with n — 2 cards in common, and
q:=|E(H)| — |E(G)| >0, thenq < 1.

Here the condition n > 6 is sharp: see the graphs in Fig. 1(b).
The results of this paper can be summarized as follows.
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Fig. 1. Exampleswith(a)p=qg=1landn=6,(b)p=qg=2andn =>5.

Theorem 1.3. Let p > 0 be an integer, let G and H be graphs of order n that have n — p cards in common, and let q =
[E(H)| — [E(G)] > 0.

(@) If p > 1and n > max{5, p?> + 3}, then q < p.
(b)Ifp>2andn>p*+2p+2,theng<p— 1
(c) If p>3andn > max{34, 3p> + 1}, thenqg < p — 2.

It is quite easy to prove that if n > p? + 2p + 3 then q < p: see Lemma 2.1(d). Theorem 1.3 is a modest but nontrivial
improvement of this.

Theorem 1.1 shows that the result of Theorem 1.3(b) holds if p = 1, but only if the conditionn > p> +2p +2 = 51is
strengthened to n > 7. In the case p = 2, Theorem 1.3(b) removes the minimum degree condition from Theorem 1.2 at the
expense of increasing the lower bound on the order from n > 6 ton > 10. (However, the bound n > p? 4+ 2p + 2 is surely
not sharp.)

What is missing from Theorem 1.3 is any result showing that ¢ = 0, i.e., |[E(G)| = |E(H)]|. It is easy to see that ¢ = 0 if
p = 0and n > 3, since each edge of G and H appears in n — 2 cards. Theorem 1.1 shows thatq = 0ifp = 1andn > 7.1t is
not known whether there is any similar result when p > 2.

In Section 2 we make some definitions that we use throughout the paper, and prove some preliminary results, mainly to
do with isolated vertices; in particular, Theorem 1.3(a) is proved as Lemma 2.2(d). Some general lemmas about vertices of
small degree are proved in Section 3. Theorem 1.3(b) is proved in Section 4, and Theorem 1.3(c) in Section 5.

We need the following simple result, which we prove here since G will have a specific meaning from the start of the next
section.

Lemma 1.4. Let G be agraph of order n with no isolated vertices and containing a vertex w of degree k > 2. Then at most n—k—1
cards G — v (v € V(G) \ {w}) contain an isolated vertex.

Proof. Suppose G — v contains an isolated vertex x, where v € V(G) \ {w}. Clearly w and its k neighbors are not isolated
in G — v, and so x is one of the n — k — 1 remaining vertices of G. Also, v is the only neighbor of x in G, and so x is not an
isolated vertex of any other graph G — v’ (v € V(G) \ {v, w}). Thus at mostn — k — 1 cards G — v (v € V(G) \ {w}) contain
anisolated vertex. 0O

The degree of a vertex v in a graph G is denoted by d¢(v). A k-vertex (k™ -vertex) is a vertex of degree exactly k (at most k),
and ny(G) (n,, (G)) denotes the number of k-vertices (k™ -vertices) in G. Similarly, a k-neighbor (k™ -neighbor) is a neighbor of
degree exactly k (at most k). We occasionally allow k to be negative; naturally ny(G) = n, (G) = 0if k < 0.1f G has order n,
then O-vertices and (n — 1)-vertices are called isolated and universal, respectively.

Throughout the paper, all numbers represented by italic letters are integers, and [a, b] denotes the set of integers i such
thata <i<b.

2. Definitions and preliminary results

Throughout the rest of the paper, p > 1, and G and H are graphs of order n that have n — p cards in common, where
|[E(H)| — [E(G)] = q > 0. The set of common cards is & = {D;, ..., Dy,_p}, and the vertices of G and H are labeled as
V1, ...,V and uq, ..., u, respectively, in suchaway that D; = G — v; = H — u; foralli € [1, n — p]. The graphs D; € D
should be regarded as disjoint, both from each other and from G and H. Each should be assumed to come equipped with
specific isomorphisms f; : D; — G — v;and g; : D; — H — u;, and each vertex w € V(D;) is said to correspond to the vertices
fitw) € V(G — v;) and g;(w) € V(H — u;) (and similarly f;(w) and g;(w) correspond to w).

Let X, == Z?:H_H] (dg(vi) — dy(u;)): see Lemma 2.1(b).

Lemma 2.1. (a) dy(u;) — dg(v;)) = qforalli € [1,n — p].

(b) Zp =Y, 1) — du(u)) = q(n —p —2).

(c) If p = 1and q = 0 then G and H have the same degree sequence.
(d)Ifn> p>+2p+2thenq < p.
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