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1. Introduction

Algebraic coding theory deals with the design of error-correcting and error-detecting codes for the reliable transmission
of information across noisy channel. It in general makes use of many algebra systems such as finite fields, groups, Galois
rings, polynomial algebra, module theory and matrix theory over finite chain rings and areas of discrete mathematics.

Let R = GR(p®, I) be a Galois ring of characteristic p¢ and cardinality p¢' where p is a prime integer and ¢, [ are positive
integers. We can regard Z, as a subring of R in the usual sense. Let n be a positive integer. A nonempty subset C of the
R-module R" is called an additive code over R of length n if € is a subgroup of R" under addition. Then the minimal distance
of an additive code € is equal to d = min{wty(c) | ¢ # 0, ¢ € C}, wherewty(c) = [{i | ¢ # 0, 0 <i < n— 1}
is the Hamming weight of ¢ = (co, 1, ..., cn—1) € R" with ¢; € R. By the Singleton Bound, we have |€| < |R|™4+1.If
|| = |R|™ 1, @ is said to be MDS (maximal distance separable). It is clear that € is an additive code over R if and only
if C is a Zpe-submodule of R". Furthermore, an additive code € is said to be cyclic if (c,—1, o, €1, ..., ) € C for all
(cg, C1y...,Cn_1) € C.

When e = 1,R = GR(p, ) = Fy which is a finite field of characteristic p and cardinality p'. For the special case of
p = | = 2, additive codes over the finite field F4 were first introduced in the year 1998 in [3] connecting these codes to
binary quantum codes. One year later, for the special case of | = 2 additive codes over the finite field F,. were connected
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in [ 14] to nonbinary quantum codes. Additive codes over finite fields were also generalized and studied in many papers, for
example [1,2,4,5].

Letl = rm and denote g = p". Then IF; has a unique subfield of cardinality g, say Fg, and F,;y = F¢m which is an extension
field of Fy; with degree m. As a generalization of additive codes over Fgm, a nonempty subset C of the Fyn-linear space
[Fym is called an Fq-linear code over Fgm of length n if € is closed under addition and multiplication with elements from F
(cf. [6,8-10]). Huffman presented a theory for constructing and counting additive cyclic codes and additive cyclic self-
orthogonal codes over F4 of odd length in [ 11]. And later, the author extended this work to even length in [ 12], and developed
a general theory to Fg-linear cyclic codes over Fym in [8].

In the rest of this paper, let R = GR(p¢, I) where ¢ > 2 and [ is a prime number, and n is a positive integer satisfying
gcd(p, n) = 1. We plan to consider the following questions for additive cyclic codes over R of length n:

e How many distinct additive cyclic codes over R of length n are there?

e How can we construct all additive cyclic code over R of length n?

e For each additive cyclic code € over R of length n constructed above, how can we give an encoder (for example, a generator
matrix) and obtain the dual code of €?

Now, let R, denote the group ring R[X]/(X™ — 1) where (X" — 1) is the ideal in R[X] generated by X" — 1, and J{,ﬂp) the
group ring Zpye[X]/(X" — 1) where (X" — 1) is the ideal in Zpe[X] generated by X" — 1. From now on, we regard =ﬂ(p)as a
subring of {Rn in the natural way, and identify a(X) + (X" — 1) € R, with a(X) (mod X" — 1) for any a(X) € R[X]. Then R, is
a =7%,(1”)—module. Now, forany a(X) = ap + a1X + - - - + a,_1 X" ! € R, we define T : a(X) — a = (ag, a4, . .., Gp—1). Then
T is an R-module isomorphism from R, onto R". It is clear that € is an additive cyclic code over R of length n if and only if
there is a unique =ﬂ(p)—submoclule D of R, such that 7" (D) = C. In this paper, we will identify ¢ with £ for convenience.

The present paper is organized as follows. In Section 2, we investigate the structural properties of the ring R, and ,R#’ )
first, and then consider the relationship between the decompositions of R, and eRflp ). In Section 3, we present a canonical
form decomposition of additive cyclic codes over R of length n, and consider how to enumerate, construct and encode
these codes respectively. In Section 4, we give the trace dual code of an additive cyclic code over R from its canonical form
decomposition, and investigate the quasi-cyclic code over Zpe of length nl and index I corresponding to each additive cyclic
code over R of length n. Then we consider the construction of additive cyclic codes over the Galois ring GR(32, 2) of length
10 in Section 5.

2. Preliminaries

In this section, we consider decompositions for the rings R, and cﬂﬁ,”) first. Let C,.(b) = {i,ib, ib?, ...} (mod n) be the

b-cyclotomic coset containing i modulo n and denote the size of Ci(b) by |Ci(b)|, where b is either p or p'. Since [ is a prime
integer, from [8] Lemma 1 we deduce the following.

!
Lemma 2.1. (i) If gcd(IC”|, 1) = 1, then CP’ = 7.
! ! [
(i) If 11CP), then || = 11| and ¢ = P’ U Cig’) U-- C(p | where the union is disjoint.

Assume v = min{k € Z* | (p)*¥ = 1 (mod n)}. By the theory of Galois rings (cf. Wan [15]), there is an extension
Galms ring R of R with degree v and an mvertlble element ¢ € Rof multlpllcatlve order p*! — 1. Denote T 7 =1{0,1,¢,.
{" *2} which is a Teichmiiller set of R. Then each element a € R can be uniquely expressed as ag + ai1p + -+ +
a._1p~', ap,aq,...,a._1 € 7.Define

@ =ay+dp+-+d_p

and let¢p = ¢|R be the restriction of¢ to R. Then qb isaring automorphlsm of R satisfying ¢(b) =bforanyb € Zpe (cf. [15]

Theorem 14.30). ¢ is called the generalized Frobenius automorphism of Rover Zpe. Let X be an indeterminate over Rand ex-
Ul 1

tend ¢ to aring automorphlsm of R[X] by ¢(Z aX') = > q&(a X (Vo € R) In the rest of this paper, let w = ¢ P~1 and

denote7 ={0,1,w, ..., 2}. Then from Galois ring theory (cf. [15] Theorem 14.27 and Corollary 14.28) we deduce the
following.

eord(w) =p' — 1.

o R =Zp|w] = {Zi 0 cw' | co,C1y..., 01 € Zye },and each elementa € R canbe uniquely expressedasa = Z,:O] a;p'
with ag; € 7.

ep = ¢lr : R = R givenby ¢(a) = Y o_ 01 app for all ap, ay, ..., a._1 € 7, is a ring automorphism of R satisfying

¢(b) = bforany b € Zpe. In fact, ¢ is the generalized Frobenius automorphism of R over Zpe. Furthermore, by [15] Theo-
rem 14.30 we have

-1 -1
¢(a) = Zc,-a)’p, Ya = Zc,-a)l, €0, C1y v, Ce1 € Zpe.
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