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1. Introduction

In this paper we deal with finite simple graphs only. For a nonempty proper subset S C V(G), let G[S] and G — S denote
the subgraph induced by S and V (G) —S, respectively. Let Ns(v) be the set of all the neighbors of a vertex v that are contained
in S, Ns[v] = Ns(v) U {v} and ds(v) = [Ns(v)|. If S = V(G), we write N(v) = N¢(v), N[v] = N(v) U {v} and d(v) = dg(v).
For two vertex-disjoint graphs G, and G,, G; UG, denotes their disjoint union and G; 4 G; is the graph obtained from G, UG,
by joining every vertex of G; to every vertex of G,. We use mG to denote the union of m vertex-disjoint copies of G. A path,
a star, a tree, a cycle and a complete graph of order n are denoted by P,, S, = K; + (n — 1)Ky, T;;, G, and K, respectively. A
book B, = K> + nKj, i.e., it consists of n triangles sharing exactly one common edge, and a fan F,, = K; + nKk>, i.e., it consists
of n triangles sharing exactly one common vertex. We use A(G) and §(G) to denote the maximum and minimum degree of
a graph G.

Given two graphs G; and G,, the Ramsey number R(G1, G,) is the smallest integer N such that, for any graph G of order
N, either G contains G; as a subgraph or G contains G, as a subgraph, where G is the complement of G. If both G; and G, are
complete graphs, then R(Gy, G,) is called a classical Ramsey number, otherwise it is called a generalized Ramsey number.
Because of the extreme difficulty encountered in the determination of classical Ramsey numbers, Chvatal and Harary
[10-12] in a series of papers suggested studying generalized Ramsey numbers, both for their own sake, and for the light
they might shed on classical Ramsey numbers. The following is a celebrated early result on generalized Ramsey numbers
due to Chvatal.

Theorem 1 (Chvdtal [9]). R(T,,, Kin) = (n — 1)(m — 1) + 1 for all positive integers m and n.

Let H be a connected graph of order p, x (G) the chromatic number of G and s(G) the chromatic surplus of G, i.e., the minimum
number of vertices in some color class under all proper vertex colorings with x (G) colors. Based on Chvatal’s result, Burr [4]
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established the following general lower bound for R(H, G) when p > s(G): R(H,G) > (p — 1)(x(G) — 1) + s(G). He also
defined H to be G-good in case equality holds in this inequality. By Theorem 1, it is easy to see that T}, is K,;-good. This raises
the natural questions whether and when T, is G-good if G consists of £ complete graphs K;; sharing exactly one vertex. A
special case of the question is whether T, is F,-good. Another natural question is for what graphs G, T, is G-good.

In 1982, Burr et al. determined the Ramsey numbers of sufficiently large trees versus odd cycles, by showing that T, is
Cm-good for odd m > 3 and n > 756m'°.

Theorem 2 (Burr et al. [5]). R(T,, C,) = 2n — 1 forodd m > 3 andn > 756m'°.

In 1988, Erdds et al. confirmed the Ramsey numbers of relatively large trees versus books, by showing that T, is B;;,-good
for n > 3m — 3, aresult that we will use in our proof of Lemma 2 in the next section.

Theorem 3 (Erdés et al. [13]). R(T,, By) = 2n — 1forn > 3m — 3.

Other results on Ramsey numbers concerning trees can be found in [1-3,6-8,14], see [ 15] for a survey. In this paper, we
first show that S, is F;;-good for all integers n > max{m(m — 1) + 1, 6(m — 1)}, by proving the following result.

Theorem 4. R(S;, F,) = 2n — 1 forn > m(m — 1) + 1 and m # 3, 4, 5, and the lower bound n > m(m — 1) + 1 is best
possible. R(S,, Fy) =2n— 1forn > 6(m — 1) and m = 3,4, 5.

We postpone the proof of Theorem 4 to the last section. Next we show that T, is F,;-good for positive integers n >
3m? — 2m — 1, which is the main theorem of our paper.

Theorem 5. R(T,, F,,) = 2n — 1 for all integers n > 3m? — 2m — 1.

We also postpone the proof of Theorem 5 to the last section. We next show that the following more general result can
be obtained from Theorem 5 by induction.

Corollary 1. R(T,, Ke—q1 + mKy) = €(n — 1)+ 1for £ > 2andn > 3m?> —2m — 1.

Proof. By Theorem 5, the statement is valid for £ = 2. Assume that k > 3 and that the statement holds for all integers ¢
with 2 < £ < k. We prove that it also holds for £ = k.

Since kK1 contains no T, and its complement contains no Ky, hence no Ky_; + mK,, we have R(T,, Kx—1 + mK;) >
k(n—1)41.Let Gbe agraphoforder k(n—1)+1.1f§(G) > n—1, then by the following folklore lemma that is straightforward
to prove using a Greedy approach, G contains T,, and the proof is complete. We present the lemma in a more specific form
since we will use it in this form in the sequel.

Lemma 1. Let G be a graph with §(G) > k, and let u € V(G). Let T be a tree of order k + 1 with v € V(T). Then T can be
embedded into G in such a way that v is mapped to u.

Let us now assume that §(G) < n — 2. Then A(G) > (k — 1)(n — 1) + 1. Let v be a vertex with dz(v) = A(G). Then, by
the induction hypothesis either G[Nz(v)] contains a Ty, or E[Ng(v)] contains a Ky_, + mK,, which together with v forms a
Ki_1 + mK; in G. This completes the proof of Corollary 1. M

We finish this section by posing a conjecture on the best possible lower bound for n for which T, is F,;-good.

Conjecture 1. R(T,,, F,) =2n—1forn>m?> —m+ 1.

Let G be any given graph. It is believed that R(T,;, G) < R(S,, G) in general, and all known results point in this direction.
Based on this and Theorem 4, we believe that the above conjecture holds, at least for m > 6.

2. Two preliminary lemmas

In the next section we use the following lemma in our proof of Theorem 4. It is the special case of the statement of
Theorem 4 when m = 2.

Lemma 2. R(S,, F,) =2n — 1forn > 3.

Proof. The lower bound R(S,,, F;) > 2n — 1is implied by the fact that 2K,,_; contains no S,, and its complement contains no
triangle, hence no F;. It remains to prove that R(S,, F;) < 2n — 1forn > 3.

Let G be a graph of order 2n — 1. Suppose that G contains no F, and G has no S,. Then A(G) < n — 2 and so §(G) > n. By
Theorem 3, G contains B,. Let x1X,X3X4 be a C4 with diagonal x,x4 in G. Set X = {x1, X2, X3, X4} and Y = V(G)—X.Ifn = 3, then
|Y] = 1 and the vertex in Y has at least three neighbors in X, and so G has F;, a contradiction. Hence, n > 4. If x;x3 € E(G),
then Ny (x;) N Ny (x;) = ¥ for 1 <i < j < 4, otherwise G contains F,. Thus, we have 4(n — 2) < Zﬁzl dy(x) +4<2n-—1,
which implies that n < 3, a contradiction. If x;x3 & E(G), then since G has no F,, we get that Ny (x;) NNy (x;) = A fori = 2,4
and Ny (xq) is an independent set of cardinality at least n — 2. In this case, we have d(y) < n — 1foranyy € Ny(x;), which
contradicts that §(G) > n. ®
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