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1. Introduction

In this paper, we want to determine the third weight and third weight codewords of generalized Reed-Muller codes.
Th main result of this article is a description of the third weight and third weight codewords of R;(a(q — 1) + b, m) the
generalized Reed-Muller code of length q™ and order a(q — 1) + b up to those of Ry(b, 2) for2 < b < "‘5—3 We even get a
full description of the third weight and the third weight codewords of R;(a(q — 1) + b, m) in the case where 3 < b < %.

We first introduce some notations:

Let p be a prime number, e a positive integer, ¢ = p® and Fy a finite field with g elements.

If m is a positive integer, we denote by B, the Fg-algebra of the functions from F' to Fq and by Fg[X1, . . ., Xu] the Fg-
algebra of polynomials in m variables with coefficients in F.

We consider the morphism of Fg-algebras ¢ : Fy[Xy, ..., Xn] — BY, which associatesto P € Fq[X1, ..., X the function
f € B, such that

VX = (X1,..., %) €FT, f(X) =PXq,...,Xn).

The morphism ¢ is onto and its kernel is the ideal generated by the polynomials Xf —Xi, ..., X% — Xm. So, for each f € BY,
there exists a unique polynomial P € Fy[X1, ..., X;n] such that the degree of P in each variable is at most g— 1 and ¢ (P) = f.
We say that P is the reduced form of f and we define the degree deg(f) of f as the degree of its reduced form. The support
of f is the set {x € F' : f(x) # 0} and we denote by |f| the cardinal of its support (by identifying canonically B}, and Fgm If]
is actually the Hamming weight of ).

For 0 < r < m(q — 1), the rth order generalized Reed-Muller code of length g™ is

Ry(r,m) = {f € B}, : deg(f) <r}.

For 1 <r < m(q— 1) — 2, the automorphism group of generalized Reed-Muller codes Ry (r, m) is the affine group of ]F"Z"
(see [2]).
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For more results on generalized Reed-Muller codes, we refer to [5].

In the following of the article, we writer =a(g— 1) +b,0<a<m—-1,1<b<qg-—1.

In [9], interpreting generalized Reed-Muller codes in terms of BCH codes, it is proved that the minimal weight of the
generalized Reed-Muller code R,(r, m) is (q — b)qg™*~'. The minimum weight codewords of generalized Reed-Muller
codes are described in [5] (see also [11]).

In his Ph.D. thesis [6], Erickson proves that if we know the second weight of R, (b, 2), then we know the second weight
for all generalized Reed-Muller codes. From a conjecture on blocking sets, Erickson conjectures that the second weight of
Rq(b, 2) is (q—b)q-+b—1.Bruen proves the conjecture on blocking set in [3]. Geil also proves this result in [7] using Groebner
basis. An alternative approach can be found in [ 14] where the second weight of most R,(r, m) is established without using
Erickson’s results. Second weight codewords have been studied in [4,15] and finally completely described in [12].

For g = 2, small weights and small weight codewords are described in [10], the third weight forr > (m—1)(q—1) + 1
is given in [7], we can find results on small weight codewords in [1]. In the following, we consider only ¢ > 3 and
r<m(@—1+1.

We first give some tools that we will use through all the paper. Then we give an upper bound on the third weight of
generalized Reed—Muller codes. In Section 4 is the main result of this article: we describe the third weight of generalized
Reed-Muller codes with some restrictive condition. In Section 5, we study more particularly the case of two variables which
is quite essential in the determination of the third weight. In Section 6, we described the codewords reaching the third
weight. In Section 7, we summarize the results obtain in this article.

2. Preliminaries
2.1. Notation and preliminary remark

Letf € B, A € Fy. We define f, € Bj, by
Vx= (X, ....xm) €F", L) =f(A, X2...,%Xm).

Let0 <r < (m—1)(q— 1) and f € Ry(r, m). We denote by S the support of f. Consider H an affine hyperplane in F",
by an affine transformation, we can assume x; = 0 is an equation of H. Then S N H is the support of fy € Ry(r, m — 1) or the

support of (1 — x‘r])f €Ry(r+(q— 1), m).
2.2. Useful lemmas

Lemma2.1. et ¢ > 3, m > 3 and S a set of points of Fy' such that #S = uq" < ¢", u % 0mod q. Then there exists H a
hyperplane such that #(S N H) < ug™ .

Proof. Assume for all H hyperplane, #(S N H) > uq"~'. Consider an affine hyperplane H; then for all H" hyperplane parallel
toH,#(S NH") > u.q"'. Since u.q" = #S = ZH,//H #(S N H’), we get that for all H hyperplane, #(S N H) = u.q" ..

Now consider A an affine subspace of codimension 2 and the (q + 1) hyperplanes through A. These hyperplanes intersect
only in A and their union is equal to IF;" So

ug" = #S = (g + Du.g" ' — g#(S N A).

Finally we get a contradiction if n = 1 since u % 0 mod q. Otherwise, #(S N A) = u.q" 2. Iterating this argument, we get
that for all A affine subspace of codimension k < n, #(S N A) = u.q" .

Let A be an affine subspace of codimension n+1and A" an affine subspace of codimension n— 1 containing A. We consider
the (g + 1) affine subspaces of codimension n containing A and included in A’, then

uq=#GSNA)=(q+ Du—g#GSNA)
which is absurd since #(S N A) is an integer and u = 0 mod q. So there exists Hy a hyperplane such that #(S N Hy) < ug™!
The following lemma is proved in [5].
Lemma22. letm > 1,q > 2,f € Byand w € Fy. If for all (xp, ..., %n) in Fy~", f(w,Xa, ..., %n) = O then for all
(X1, ...,%n) € ]F;"
fx1, oo Xm) = (X1 —w)g(X1, ..., Xm)
with deg,, (g) < deg,, (f) — 1 and deg(g) < deg(f) — 1.

The following lemmas are proved in [6].
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