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1. Introduction

For two graphs G and G’ on the same labeled vertex set of size n, the normalized edit distance between them is denoted

dist(G, G") and satisfies
n
dist(G, G') = |E(G)AE(G)|/ (2) .

A property of graphs is simply a set of graphs. A hereditary property is a set of graphs that is closed under isomorphism and
the taking of induced subgraphs. The normalized edit distance between a graph G and a property # is denoted dist(G, #)
and satisfies

dist(G, #) = min {dist(G, G') : V(G) = V(G).G € #}.
In this paper, all properties will be hereditary.

1.1. The edit distance function

The edit distance function of a property #, denoted ed 4 (p), measures the maximum distance of a density-p graph from a
hereditary property. Formally,

eds(p) = sup max {dist(c, H) - [V(G)| = n, [E(G)| = [p (Z)J}

n—oo

Balogh and the author [8] use a result of Alon and Stav [3] to show that the supremum can be made into a limit, as long as
the property # is hereditary.

edy(p) = lim max {dist(c, #) : [V(G)| = n, [E(G)| = [p (;)J} . 1)
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Moreover, the result from [8] establishes that if ¢ is hereditary then we also have

eds(p) = lim E[dist(G(n, p)., #0)].

That is, the maximum edit distance to a hereditary property for a density-p graph is the same, asymptotically, as that of the
Erddés-Rényi random graph G(n, p) (see Chapter 10 of [1]).

For any nontrivial hereditary property #¢ (that is, one that is not finite), the function edy (p) is continuous and concave
down [8]. Hence, it achieves its maximum. The maximum value of ed(p) is denoted d%,. The value of p at which this
maximum occurs is denoted p%,.

It should be noted that, for some hereditary properties, the edit distance function may achieve its maximum over a closed
interval rather than a single point. In such cases, we will also let p%, denote the interval over which the given edit distance
function achieves its maximum.

1.2. Symmetrization

In order to compute edit distance functions, we use the method of symmetrization, introduced by Sidorenko [15] and
discussed in [12] as a way to compute edit distance functions. We will discuss what symmetrization is and how it is used in
Section 4. It uses some properties of quadratic programming, first applied by Marchant and Thomason [11].

Some results on the edit distance function can be found in a variety of papers [14,6,7,3,2,5,4,11,13]. Much of the
background to this paper can be found in a paper by Balogh and the author [8]. Terminology and proofs of supporting
lemmas that are suppressed here can be found in [12].

1.3. Main results

Given a graph H, Forb(H) is the set of all graphs that have no induced copy of H. Clearly Forb(H) is a hereditary property
for any graph H and such a property is called a principal hereditary property. It is easy to see that, for any hereditary property
J¢, there exists a family of graphs # (J¢) such that # = ﬂHE,F(J{,) Forb(H).

1.3.1. Split graphs

The main results of this paper are Theorems 1 and 3.

A split graph is a graph whose vertex set can be partitioned into one clique and one independent set. If H is a split graph
on h vertices with independence number « and clique number o, thena +w € {h, h+ 1}. The value of pg,; ;) and of di, . 1)
had been obtained for H = Kj 3, the claw, by Alon and Stav [2] and for graphs of the form K, + E;, (an a-clique with b isolated
vertices) by Balogh and the author [8].

For the Forb(K, + Ejp) result, the proof required a weighted version of Turdn’s theorem. The symmetrization method,
however, is much more powerful and we can use it to obtain Theorem 1, which gives the value of the edit distance function
for all Forb(H), where H is a split graph.

Theorem 1. Let H be a split graph that is neither complete nor empty, with independence number « and clique number w. Then,

: p_ 1-»p
edrorb(H) (p) = min {F p— } :

(2)

It is a trivial result (see, e.g., [ 12]) that edgomk,,) (p) = p/(w — 1) and edgore,)(p) = (1 — p)/(ev — 1). So, we know the
edit distance function for all split graphs.

Corollary 2 follows immediately from Theorem 1 (and the following comment on trivial split graphs), giving the value of
the maximum of the edit distance function and the value at which it occurs.

Corollary 2. Let H be a split graph with independence number o and clique number w. Then, (p,, d5,) = (7 L)

atw—2" atw—2
To understand the importance of the upcoming Theorem 3, we must define the notion of colored regularity graphs.

1.3.2. Colored regularity graphs

If S and T are sets, then SUT denotes the disjoint union of S and T. If v and w are adjacent vertices in a graph, we denote
the edge between them to be vw.

A colored regularity graph (CRG), K, is a simple complete graph, together with a partition of the vertices into white and
black V(K) = VW(K)UVB(K) and a partition of the edges into white, gray and black, E(K) = EW(K)UEG(K)UEB(K). We
say that a graph H embeds in K, (writing H +— K) if there is a function ¢ : V(H) — V(K) so that if hih, € E(H), then
either ¢(hy) = ¢(hy) € VB(K) or ¢(hy)¢(hy) € EB(K) U EG(K) and if h1h, ¢ E(H), then either ¢ (hy) = ¢(hy) € VW(K) or
¢(hy)e(hy) € EW(K) U EG(K).
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