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a b s t r a c t

In this note, the existence of [66, 10, 36]3 and [55, 15, 24]3 linear codes is proven. These
ternary codes are constructed from orbits of a projectivity group of PG(k − 1, F3), for
k = 10, 15. These new codes and their punctured subcodes improve the best known lower
bounds on the largest possible minimum distance.

© 2014 Elsevier B.V. All rights reserved.

1. Introduction

Let Fq be a finite field with q elements and F n
q the vector space of n—tuples over Fq. A q—ary linear code C of length n and

dimension k is a k—dimensional subspace of F n
q . The number of non-zero positions in a vector x ∈ C is called the Hamming

weightw(x) of x; theHamming distance d(x, y) between two vectors x, y ∈ C is defined by d(x, y) := w(x−y). Theminimum
distance of C is d(C) := min{w(x) | x ∈ C, x ≠ 0}, and a q—ary linear code of length n, dimension k and minimum distance
d is indicated as a [n, k, d]q code. The dual C⊥ of a code C consists of all the vectors of F n

q orthogonal to every codewords in C:
C⊥

:=

x ∈ F n

q | ⟨x, y⟩ = 0 for any y ∈ C

, where ⟨, ⟩ denotes the inner product in F n

q . An important bound is the Griesmer

bound: n ≥ gq(k, d), where gq(k, d) =
k−1

i=0


d
qi


.

Two [n, k]q—codes C1 and C2 over Fq are equivalent if there exists an n by n monomial matrix M such that C1M = C2.
The automorphism group of a linear code C is the set of all monomial matrices M such that C = CM , and it is denoted
by Aut(C). Every monomial matrix M can be written as a product M = D · P , where D is a diagonal matrix with nonzero
diagonal elements and P is a permutation matrix.

In this note, the following problem is considered: given q, n, k, one needs to find the [n, k, d]q—codewith largest possible
d. In [4], M. Grassl keeps track of the progress on this problem for q ≤ 9 and maintains a table with the lower bounds on the
largest possible minimum distance. Some entries correspond to optimal codes, that is, their minimum distance is known to
be the largest possible for the given parameters n, k, q. The codes in this note improve some entries for the case q = 3, and
the improvements are summarized in Table 1.
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Table 1
New lower bounds on the minimum distance.

[n, k] Previous value New value

[64, 10] 33 34
[65, 10] 34 35
[66, 10] 35 36

[53, 15] 21 22
[54, 15] 21 23
[55, 15] 22 24
[56, 15] 23 24

2. Geometric description of linear codes

Let PG(k− 1, q) be the projective space over the field Fq. Let C be a q—ary linear code described by a generator matrix G.
If there is no 0—column in G, then one can consider the columns of G as points in PG(k − 1, q). Vice versa, given a multiset
P = {P1(x1,1, . . . , xk,1), . . . , Pn(x1,n, . . . , xk,n)} of points in PG(k − 1, q), one can consider the matrix

G =


x1,1 x1,2 · · · x1,n
x2,1 x2,2 · · · x2,n
...

... · · ·
...

xk,1 xk,2 · · · xk,n

 .

The matrix G is the generating matrix of a q—ary linear code C. If there is no hyperplane containing the points in P , then
C is a linear [n, k, d]q code, where the minimum distance d is the minimum number of points from P outside a hyperplane
(in the multiset sense), see [1, Theorem 16.1].

A linear [n, k]q—code C is called projective if there is a generator matrix whose columns generate different projective
points. The following definitions are equivalent, see [1, Proposition 16.2].

• C is a projective code.
• The columns of a generator matrix describe different projective points.
• C⊥ does not contain words of weight 2.

Let A be a projectivity group. Then, one can consider orbits of the group A acting on the points of PG(k − 1, q). If the
projective points in the previous definition constitute an orbit of A, then the code is called A—transitive. If the projectivity
group is unspecified, then one can simply speak of a transitive projective linear code. Many examples known in the literature
can be described as transitive projective linear codes. For example, a simplex code Sk(q) is a


(qk − 1)/(q − 1), k, qk−1


q—

code, where the columns of the generatormatrix are all the points of PG(k−1, q). Since the projective linear group PGL(k, q)
acts transitively on the points of PG(k − 1, q), every simplex code Sk(q) is a transitive projective linear code. In PG(2, q)
and PG(3, q), orbits of projectivity groups produce interesting arcs, that are geometrical objects equivalent to particular
optimal codes, see [6–8] and references therein. For further examples and details, the reader can refer to [1, Section 2.16]
and [5, Chapter 13].

Since this approach works for k = 3 and k = 4, it is reasonable to look for transitive projective linear codes as a source
of new linear codes with large minimum distance. In the next sections, new ternary linear codes are constructed. The GAP
and Magma code [3,2] and their generator matrices are available at the permanent address:

http://www.nicolapace.it/pub/gf3codes.html.

3. New ternary linear codes

Every linear projectivity t : PG(k−1, q) → PG(k−1, q) can be identified by a suitable non-singular matrix T ∈ GL(k, q).
The action of the projectivity on the points of PG(k − 1, q) is considered: let P(x1, . . . , xk) be a point in PG(k − 1, q), the
point P t is obtained by multiplying the row-vector (x1, . . . , xk) and the matrix T . Namely, if Q (y1, . . . , yk) and λ ∈ F∗

q are
such that (x1, . . . , xk) · T = (λy1, . . . , λyk), then P t

= Q .
Let A ≤ PΓ L(k, q) be a projectivity group of PG(k−1, q). The orbit of a point P in A is denoted by PA. LetC be a projective

linear A—transitive linear code, where the columns of the generator matrix are the points of PA. Any two such codes are
equivalent, hence they have the same length, dimension and minimum distance. Then, w.l.g. any such a code is denoted by
C(P, A).
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