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G, if all the distance vectors (d(v, Py), d(v, Py), ..., d(v, P;)) are different. The partition
dimension of G is the minimum number of sets in any resolving partition of G. In this
article we study the partition dimension of strong product graphs and Cartesian product
graphs. Specifically, we prove that the partition dimension of the strong product of graphs
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Strong product graphs is bounded below by four and above by the product of the partition dimensions of the factor
Cartesian product graphs graphs. Also, we give the exact value of the partition dimension of strong product graphs
Graphs partitioning when one factor is a complete graph and the other one is a path or a cycle. For the case of

Cartesian product graphs, we show that its partition dimension is less than or equal to the
sum of the partition dimensions of the factor graphs minus one. Moreover, we obtain an
upper bound on the partition dimension of Cartesian product graphs, when one factor is a
complete graph.
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1. Introduction

The idea of a partition dimension was introduced by Chartrand et al. in [6] to gain more insight about another closely
related graph parameter called the metric dimension of a graph. The partition dimension of graphs is also studied in
[3,7,16,17]. Given a connected graph G = (V, E) and an ordered partition IT = {Pq, P, ..., P;} of the vertices of G, the parti-
tion representation of a vertex v € V with respect to the partition I7 is the vector r (v|IT) = (d(v, Py), d(v, Py), ..., d(v, P)),
whered(v, P;), with 1 < i < t,represents the distance between the vertex v and the set P;, thatis d(v, P;) = minyep, {d(v, u)}
(d(v, u) denotes the distance between the vertices v and u). We say that I7 is a resolving partition of G if for every pair of
distinct vertices u, v € V, r(u|IT) # r(v|IT). The partition dimension of G is the minimum number of sets in any resolving
partition of G and is denoted by pd(G).

The concepts of resolvability and location in graphs were described independently by Harary and Melter [8], and
Slater [15], to define the same structure in a graph. After these papers were published several authors developed diverse
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theoretical works about this topic [2,1,3-7,12]. Slater described the usefulness of these ideas into long range aids to
navigation [15]. Also, these concepts have some applications in chemistry for representing chemical compounds [10,11] or
in problems of pattern recognition and image processing, some of which involve the use of hierarchical data structures [13].
Other applications of this concept to navigation of robots in networks and other areas appear in [4,9,12].

Given a connected graph G = (V, E) and an ordered set of vertices S = {vq, vy, ..., vx} of G, the metric representation
of a vertex v € V with respect to S is the vector r(v|S) = (d(v, v1), ..., d(v, vy)). We say that S is a resolving set of G if
for every pair of distinct vertices u, v € V, r(u|S) # r(v|S). The metric dimension of G is the minimum cardinality of any
resolving set of G, and it is denoted by dim(G). The metric dimension of graphs is studied in [2,1,3-5,16].

It is natural to think that the partition dimension and metric dimension are related; in [6] it was shown that for any
nontrivial connected graph G we have

pd(G) < dim(G) + 1. (1)
We recall that the strong product of two graphs G = (V1, E{) and H = (V, E;) is the graph G X H = (V, E), such that
V ={(a,b) : a € Vy, b € V,} and two vertices (a, b) € V and (c, d) € V are adjacent in G X H if and only if, either

e a=candbd € E,, or
e b=dandac € E;, or
e ac € E;and bd € E,.

Also, the Cartesian product of G and H is the graph GOH = (V, E), such thatV = {(a, b) : a € V;, b € V,} and two vertices
(a,b) € Vand (c, d) € V are adjacent in G X H if and only if, either

e a=candbd € E,, or
e b=dandac € E;.

Let v € V,. We refer to the set V; x {v} as a G-layer. Similarly {u} x V5, u € V; is an H-layer. When referring to a specific
G or H layer, we denote them by G’ or “H, respectively. Layers can also be regarded as the graphs induced on these sets.
Obviously, a G-layer or H-layer is isomorphic to G or H, respectively.

Studies about partition dimension in product graphs have been presented in [17], where the authors obtained some
results about the partition dimension of the Cartesian product graphs. Also in [14] several results about the partition
dimension of corona product graphs were presented. In this article we begin with the study of the partition dimension
of strong product graphs and we also continue with the study of the partition dimension of Cartesian product graphs.

2. Strong product graphs

We begin with the following useful lemmas.

Lemma 1. Let G and H be two connected graphs and let A and B be two proper subsets of vertices of G and H, respectively. If
ae€Aandb ¢ B, then

doxn((a, b), A x B) = miél{dH(b’ v)}.
ve
Equivalently, if a ¢ Aand b € B, then
dez ((a, b), A x B) = min{dg(a, w)}.
ue

Proof. Suppose a € Aand b ¢ B. We first prove that for every v € B, dgzy((a, b), A x {v}) = dy (b, v).
desn((a, b), A x {v})) = min {dczn((a, b), (u, v))}
(u,v)eAx{v}
= min{dGﬁH((av b)s (us U))}
ueA
= min{max{dg(a, u), du (b, v)}}
ue
= min{max{d¢(a, u), dy (b, v)}, max{d¢(a, u), dy (b, v)}}
ueA a=u aFu
= min{dy (b, v), max{dg(a, u), du (b, v)}}
ueA a#u
= dy (b, v).
Thus we obtain that dggy ((a, b), A x B) = min,ep{dgzy ((a, b), A x {v})} = min,cp{dy (b, v)}. Analogously we prove that if
a ¢ Aandb € B, then dggy((a, b), A x B) = minyea{dc(a, u)} and the proof is complete. O
Lemma 2 ([6])). Let G be a connected graph of order n > 2. Then pd(G) = 2 if and only if G is a path graph.
The following straightforward claim is useful to prove our next results.
Claim 3. Let G and H be two connected non-trivial graphs. If there exists a resolving partition of G X H with exactly three sets,

say IT = {A, B, C}, then there exists no subgraph of GX H isomorphic to K4, such that it contains at least one vertex from each of
the sets A, Band C.
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