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1. Introduction

Unless stated otherwise all graphs considered here are finite, simple, and undirected. For the standard graph-theoretic
terminology the readers are referred to [6]. Let Py, C, K respectively denote a path, cycle, and complete graph on k vertices,
and let K, , denote the complete bipartite graph with m and n vertices in the parts. A graph whose vertex set is partitioned
intosets Vy, ..., Vi, such that the edge set is Ui#dm] V; x V;is a complete m-partite graph, denoted by Ky, ., when |Vi| = n;
for all i. For any integer A > 0, AG denotes the graph consisting of A edge-disjoint copies of G. The A-multiplication of G,
denoted G(2), is the multigraph obtained from a graph G by replacing each edge with X edges. For two graphs G and H, their
lexicographic product or wreath product G ® H has vertex set V(G) x V(H) with two vertices (g, h1) and (g, h,) adjacent
whenever g8, € E(G) or g = g, and h1h, € E(H). The complement of the graph G is denoted by G.

By a decomposition of a graph G, we mean a list of edge-disjoint subgraphs of G whose union is G (ignoring isolated
vertices). When there is such a decomposition using copies of (not necessarily distinct) graphs Hy, ..., Hi, we say that
Hy, ..., Hy decompose G. When each subgraph in a decomposition is isomorphic to H, we say that G has an H-decomposition.
If G has a decomposition into p copies of H; and q copies of H,, then we say that G has a {pH;, gH, }-decomposition. If such a
decomposition exists for all values of p and g satisfying trivial necessary conditions, then we say that G has a {Hy, Hy}(p ¢}~
decomposition or G is fully {H,, H,}-decomposable.

Study of {Hy, H, }(p q-decomposition for K;, and K, , is not new. Abueida, Daven, and Roblee [1,3] completely determined
the values of n for which K,()) admits a {pH, qH,}-decomposition such that H; U H, = K;, when A > 1and |V(H,)| =
|V(Hy)| = t, wheret € {4,5}. Let Sy denotes a star on k vertices, i.e. Sy = Kj (—1. Abueida and Daven [2] proved that
there exists a {pKy, qSk.1}-decomposition of K, for k > 3 and n = 0, 1 (mod k). Abueida and O'Neil [4] proved that for
k € {3, 4, 5}, there exists a {pCy, qS¢}-decomposition of LK;, whenever n > k + 1 except for the ordered triples (k,n, ) €
{(3,4,1),(4,5,1),(5,6,1),(5,6,2),(5,6,4),(5,7,1), (5,8, 1)}. Shyu [13] obtained a necessary and sufficient condition
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on (p, q) for the existence of {P5, C4}p, q;-decomposition of K. Shyu [14] proved that K, has a {P4, S4}p,q-decomposition if
and only ifn > 6and 3(p + q) = (g) He also proved that K;, has a {Py, Sk},q;-decomposition with a restriction p > k/2
when k even (respectively, p > k when k odd). Shyu [15] proved that K, has a {C4, S5} q;-decomposition if and only if
4p+q) = (5).q# 1ifnisodd and g > max{3, [41} if nis even.

Chou et al. [8] proved that for a given triple (p, q, r) of nonnegative integers, G decomposes into p copies of C4, q copies of
Cs, and r copies of Cg such that 4p+6q+8r = |E(G)| in the following two cases: (a) G = K;; , with mand n both even at least 4,
except Ky 4,(b) Gis obtained from K, , with n odd by deleting a perfect matching. Chou and Fu [7] proved that the existence of
{C4, Cot}4p,qy-decomposition of Ky, »,, where t/2 < u, v < t when t even (respectively, (t+1)/2 <u, v < (3t—1)/2,whent
odd) implies such decomposition in Ky, 2, where m, n > ¢ (respectively, m, n > (3t 4 1)/2). Jeevadoss and Muthusamy [9]
reduced the bounds in the sufficient conditions obtained by Chou and Fu [7] for the existence of {C4, Cy¢ }p,q-decomposition
of Kym,2n, whent > 2.Leeetal.[11,10] obtained a necessary and sufficient condition on (p, q) for the existence of {Py, Sk}(p,q}-
decomposition of K, , and Ky, ,. Shyu [16] proved that Ky, , has a {Py, Sk}(p,qj-decomposition for some m and n. He also
obtained a necessary and sufficient condition on (p, q) for the existence of {P4, S4}p,q)-decomposition of K, .

In this paper, we study only the existence of {Py1, C¢}p,qi-decomposition of K, , and K;,, so we abbreviate the notation
as (k; p, q)-decomposition. The obvious necessary condition for such existence is k(p + q) = |E(G)|. We only consider cases
where all vertices are of even degree, in which the case p # 1 s also obviously necessary, since the endpoints of a single path
in the decomposition would have to have odd degree. Call the situation with k(p + q) = |E(G)|, all vertex degrees are even,
and p # 1 the good case. We prove that in the good case Kp, , has a (k; p, q)-decomposition in the following two situations:
(i)ym > k/2andn > |"‘+Tl] when k = 0 (mod 4) and (ii) m, n > 2k when k = 2 (mod 4). Also, when k = 2 (mod 4), we
show that if K, , has a (k; p, q)-decomposition in the good case with k/2 < m, n < k, then such decompositions also exist
in the good case when k/2 < m < 2k and n > k. Finally, we apply these results to show that in the good case K, has a
(k; p, g)-decomposition if k is even and n > 4k.

Let K;, , be the complete bipartite graph with bipartition (X, Y), where X = {xq,...,x,} and Y = {y1,...,yn}. For
0 <i < n-—1,1letF(X,Y) denote the set {x;y;;; : j € [n]}, where subscripts are treated modulo n. Clearly F;(X,Y) is a

1-factor of Ky, n, called the 1-factor of displacement i. Also, U::ol FEX,Y) = Kqp.

Remark. (i) For n € N, let Ky, 2, have partite sets X; U X3 and X, U Xy, where X, = {x],...,x]}.For0 <i <n-—1,
let Fi(X;, X;) = {x}xj i - Jj € [n]}, where arithmetic in subscripts is taken modulo n. Note that the union of the sets
Fi(X;, Xs) overalliand (r, s) € {(1, 2), (2, 3), (3,4), (4, 1)} decomposes Koy 25-

(ii) Fork € {0,...,n — 1} and i € {1, 2, 3, 4}, the set Fi(Xi, Xi+1) U Fi+1(Xi, Xi+1) forms a 2-regular subgraph of Ky, 25
consisting a cycle of length 2n.

(iii) For any positive integer n, the set Fo (X1, X2) U Fo(X2, X3) U Fo(X3, X4) U F1 (X4, X1) forms a Hamilton cycle of Ky 2p.

(iv) Fe(Xi, Xj) = Fa_r(Xj, Xi), where0 <k <n— 1.

To prove our results, we state the following:

Theorem 1.1 (Truszczynski [19]). If k, m,n € N with m, n even and m > n, then Ky, , has a Py,,-decomposition if and only if
m > %17 n > %7 and mn = 0 (mod k).

Theorem 1.2 (Sotteau [17]). If k, m,n € Nwith k > 2, then Ky, , has a Cox-decomposition if and only if the obvious necessary
conditions hold (all degrees even and 2k | mn).

Theorem 1.3 (Shyu [13]). Let k, t, p be positive even integers such that k > 4andt > p.If k < 2(t — p) and k < 2p, then
there exists a {pPi+1, (t — p)Cx}-decomposition of K.

2. (k; p, q)-decomposition of Ky, , when k = 0 (mod 4)

In this section we investigate the existence of (k; p, q)-decomposition of the complete bipartite graph K, , when
k = 0 (mod 4). Let XpX1 . . . X¢k—2Xx—1 and (XoX1 . ..Xx_1Xo) respectively denote the path P, and the cycle C, with vertices
X0, X1, - - ., Xk—1 and edges XoX1, X1X2, . . . , Xg—2Xk—1, Xk—1Xo-

Construction. Let C, and C,, be two cycles of length k, where C;, = (X1, X, ..., Xk, X1) and C,, = (y1,¥2, ..., Y, Y1) If vis
a common vertex of C, and C,, such that at least one neighbour of v from each cycle (say, x; and y;) does not belong to the other
cycle then we have two edge-disjoint paths of length k, say P, and P, from C, and C,, as follows (see Fig. 1):

P, = (Cy — l)Xi) U vyj, [FDM = ((CP« - ij) U vx;.

Remark. Let k, m{, my, nq, n, be positive even integers such that m; < nyand m, < n,.If K,
decomposition then Ky, », U K, n, has a such decomposition.

and K, n, have a (k; p, q)-
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Lemma 2.1. If k, m, n be positive even integers such that k = 0 (mod 4), k/2 < m < n < kand n # k/2, then the graph Kn
has a (k; p, q)-decomposition.
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