
Discrete Mathematics 331 (2014) 158–164

Contents lists available at ScienceDirect

Discrete Mathematics

journal homepage: www.elsevier.com/locate/disc

Rainbow numbers for matchings in plane triangulations
Stanislav Jendrol’ a, Ingo Schiermeyer b, Jianhua Tu c,∗

a Institute of Mathematics, P.J. Šafárik University in Košice, 04001 Košice, Slovakia
b Institut für Diskrete Mathematik und Algebra, Technische Universität Bergakademie Freiberg, 09596 Freiberg, Germany
c School of Science, Beijing University of Chemical Technology, Beijing 100029, China

a r t i c l e i n f o

Article history:
Received 15 November 2013
Received in revised form 13 May 2014
Accepted 16 May 2014
Available online 2 June 2014

Keywords:
Edge-colored graph
Rainbow subgraph
Rainbow number
Matching
Plane triangulations

a b s t r a c t

Given two graphs G and H , let f (G,H) denote the maximum number c for which there is
a way to color the edges of G with c colors such that every subgraph H of G has at least
two edges of the same color. Equivalently, any edge-coloring of G with at least rb(G,H) =

f (G,H) + 1 colors contains a rainbow copy of H , where a rainbow subgraph of an edge-
colored graph is such that no two edges of it have the same color. The number rb(G,H) is
called the rainbow number of H with respect to G. If G is a complete graph Kn, the numbers
f (Kn,H) and rb(Kn,H) are called anti-Ramsey numbers and rainbow numbers, respectively.

In this paper we will study the existence of rainbowmatchings in plane triangulations.
Denote by kK2 amatching of size k and Tn the class of all plane triangulations of order n. The
rainbow number rb(Tn, kK2) is theminimumnumber of colors c such that, if kK2 ⊆ Tn ∈ Tn,
then any edge-coloring of Tn with at least c colors contains a rainbow copy of kK2. We give
lower and upper bounds on rb(Tn, kK2) for all k ≥ 3 and n ≥ 2k. Furthermore, we obtain
the exact values of rb(Tn, kK2) for 2 ≤ k ≤ 4 and n ≥ 2k.

© 2014 Elsevier B.V. All rights reserved.

1. Introduction

We use [1] for terminology and notation not defined here and consider finite and simple graphs only. For a vertex
v ∈ V (G), let NG(v) denote the set of vertices adjacent to the vertex v in G. If G is edge colored in a given way and a
graphH ⊆ G contains no two edges of the same color,H is called a rainbow subgraph of G or, in other words, a rainbow (copy
of) H . On the other hand, if all edges of H are colored with the same color, H is calledmonochromatic. Let f (G,H) denote the
maximum number of colors in an edge-coloring of Gwith no rainbow copy of H . The number f (Kn,H) is called anti-Ramsey
number and has been introduced by Erdős, Simonovits and Sós in [4] (and denoted there by f (n,H)). It is closely related to
the rainbow number rb(G,H) representing the minimum number c of colors such that any edge-coloring of G with at least
c colors contains a rainbow subgraph isomorphic to H . Evidently, rb(G,H) = f (G,H) + 1.

A recent survey concerning rainbow numbers is given in [6].
In 2004, Schiermeyer [10] determined the rainbow numbers rb(Kn, kK2) for all k ≥ 2 and n ≥ 3k + 3, where kK2 is a

matchingM of size k. And the rainbow numbers rb(Kn, kK2) have been computed step by step in [2,5,10].

Theorem 1.1.

rb(Kn, kK2) =

4, n = 4 and k = 2;
ext(n, (k − 1))K2 + 3, n = 2k and k ≥ 7;
ext(n, (k − 1))K2 + 2, otherwise
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where ext(n, kK2) is the maximum number of edges that a graph G of order n can have with no subgraph isomorphic to kK2 and
ext(n, kK2) = max{


2k−1
2


,


k−1
2


+ (k − 1)(n − k + 1)} (determined by Erdős and Gallai [3]).

The main focus of this paper is to consider the analogous problem for matchings when the host graph G is a plane trian-
gulation. A plane triangulation is a connected planar graph which can be drawn in the plane so that every face is a triangle.
Thus, if Tn is a plane triangulation of order n ≥ 4, then |E(Tn)| = 3n − 6 and δ(Tn) ≥ 3.

Let Tn denote the class of all plane triangulations of order n. We denote by rb(Tn,H) the minimum number of colors c
such that, ifH ⊆ Tn ∈ Tn, then any edge-coloring of Tn with at least c colors contains a rainbow copy ofH . Recently, rainbow
numbers for cycles in plane triangulations have been determined in [7].

In this paper, we give lower and upper bounds on rb(Tn, kK2) for all k ≥ 3 and n ≥ 2k. Furthermore, we obtain the exact
values of rb(Tn, kK2) for 2 ≤ k ≤ 4 and n ≥ 2k.

2. The lower bounds

In this section, we give lower bounds on rb(Tn, kK2) for all k ≥ 3 and n ≥ 2k.

Lemma 2.1.

rb(Tn, 3K2) ≥ n + 1 for all n ≥ 6.

Proof. Let Tn be a plane triangulation with vertex set V = {v1, v2, . . . , vn} and edge set E = {v1v2} ∪ {v1vi, v2vi|3 ≤ i ≤

n} ∪ {vivi+1|3 ≤ i ≤ n − 1}. Now color all edges v1vi for 2 ≤ i ≤ n with n − 1 distinct colors and all remaining edges with
one extra color. Now observe that Tn does not contain a rainbow 3K2. �

Wewill show that the lower bound can be achieved for all n ≥ 7 and k = 3, and thus obtain the exact value of rb(Tn, 3K2)
for all n ≥ 7 in the next section. Furthermore, we will also show that rb(T6, 3K2) = 8.

Lemma 2.2.

rb(Tn, kK2) ≥ 2n + 2k − 9 for all k ≥ 4 and n ≥ 2k.

Proof. Let Tn be a plane triangulation of order n with vertex set V = {v1, v2, . . . , vn} and edge set E = {v1v2} ∪

{v1vi, v2vi|3 ≤ i ≤ n} ∪ {vivi+1|3 ≤ i ≤ n − 1}. Now color all edges vivi+1 for 2k − 5 ≤ i ≤ n − 1 with color 1 and
all remaining (3n − 6) − (n − (2k − 5)) = 2n + 2k − 11 edges with 2n + 2k − 11 distinct colors 2, 3, . . . , 2n + 2k − 10.
Now observe that Tn does not contain a rainbow kK2. �

Wewill show that the lower bound can be achieved for all n ≥ 8 and k = 4, and thus obtain the exact value of rb(Tn, 4K2)
for all n ≥ 8 in the next section.

3. rb(Tn, 2K2), rb(Tn, 3K2) and rb(Tn, 4K2)

In this section, we will give the exact values of rb(Tn, kK2) for 2 ≤ k ≤ 4 and n ≥ 2k. First, we provide some additional
notations. Given a graph G and X, Y ⊆ V (G), we denote by EG(X, Y ) the set of edges which have exactly one endvertex in X
and one in Y . We also denote EG(X, X) by EG(X).

Theorem 3.1.

rb(Tn, 2K2) =


4, n = 4;
2, n ≥ 5.

Proof. For n = 4 the edges of K4 can be partitioned into three 2K2. Coloring the edges of each 2K2 with a distinct color shows
that rb(Tn, 2K2) ≥ 4. Using four colors, by the pigeonhole principle, there is a 2K2 such that its edges are colored distinct.
This proves that rb(T4, 2K2) = 4.

For n ≥ 5 let G be a plane triangulation whose edges are colored with two colors 1 and 2. Since n ≥ 5, then δ(G) ≥ 3. Let
w ∈ V (G) be a vertex whose incident edges contain both colors. Let NG(w) = {v1, v2, . . . , vd} for d ≥ 3. Since G is a plane
triangulation, then G[NG[w]] contains a wheel (a cycle with an additional vertex being adjacent to each vertex of the cycle).
If d = 3, then G[NG[w]] ∼= K4. Since n ≥ 5, there is an edge outside G[NG[w]] incident with a vertex from NG[w]. We assume
that uv3 ∈ E(G) for a vertex u ∉ NG[w]. Suppose G contains no rainbow 2K2. Thus, c(uv3) = c(wv1) = c(wv2) = c(v1v2)
and c(wv3) = c(v1v2). This contradicts to the fact that the incident edges of w contain both colors. Hence, we may assume
d ≥ 4.

Let v1, v2, . . . , vd be the rim vertices and assume that c(wv1) = 1, c(wv2) = 2. Then wv1, vd−1vd or wv2, vd−1vd form
a rainbow 2K2. �

Now we will show the exact values of rb(Tn, 3K2) for all n ≥ 6. In the first place, we give the exact value of rb(Tn, 3K2)
for n = 6.
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