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1. Introduction

In this paper, we shall consider hypergraphs which are finite, undirected and without multiple edges. For any undefined
terms we refer to [1]. Also, for basic terminology for graphs we refer to [2].

The concept of rainbow connection in graphs was first introduced by Chartrand et al. [5] in 2008. An edge-coloured path
is rainbow if the colours of its edges are distinct. For a connected graph G, the rainbow connection number of G, denoted by
rc(G), is the minimum integer t for which there exists a colouring of the edges of G with t colours such that, any two vertices
of G are connected by a rainbow path. In their original paper, Chartrand et al. [5] studied the function rc(G) for many graphs
G, including when G is a tree, a cycle, a wheel, and a complete multipartite graph. Since then, the rainbow connection subject
has attracted considerable interest. Many results about rc(G) have been proved when G satisfies some property, such as a
minimum degree condition, a diameter condition, a connectivity condition, and when G is a regular graph or arandom graph.
Several related functions have also been introduced and studied. These include the rainbow k-connection number rc;(G) and
the rainbow vertex connection number rvc(G). See for example, Caro et al. [3], Chandran et al. [4], Chartrand et al. [6], Fujita
et al. [7], Krivelevich and Yuster [9], and Li et al. [ 10], among others. A survey by Li et al. [11] and a book by Li and Sun [12]
summarising the rainbow connection subject have also appeared recently.

Here, our aim is to extend the notion of rainbow connection to hypergraphs. Such an extension depends on the definition
of a path in a hypergraph. To clarify this, we will actually consider two types of paths. For £ > 1, a Berge path, or simply

a path, is a hypergraph & consisting of a sequence vy, eq, v2, €3, ..., Uy, €¢, Ug+1, Where vy, ..., vyyq are distinct vertices,
ey, ..., e are distinct edges, and v;, viy1 € e; for every 1 < i < {. The length of a path is the number of its edges. If # is a
connected hypergraph, then for x, y € V(#), an x-y path is a path with a sequence vy, eq, ..., Vs, €, Vey1, Where x = vq

* Corresponding author.
E-mail addresses: rui.carpentier@docente.unicv.edu.cv (R.P. Carpentier), henry.liu@cantab.net, h.liu@fct.unl.pt (H. Liu), mnas@fct.unl.pt (M. Silva),
tmjs@fct.unl.pt (T. Sousa).

http://dx.doi.org/10.1016/j.disc.2014.03.013
0012-365X/© 2014 Elsevier B.V. All rights reserved.


http://dx.doi.org/10.1016/j.disc.2014.03.013
http://www.elsevier.com/locate/disc
http://www.elsevier.com/locate/disc
http://crossmark.crossref.org/dialog/?doi=10.1016/j.disc.2014.03.013&domain=pdf
mailto:rui.carpentier@docente.unicv.edu.cv
mailto:henry.liu@cantab.net
mailto:h.liu@fct.unl.pt
mailto:mnas@fct.unl.pt
mailto:tmjs@fct.unl.pt
http://dx.doi.org/10.1016/j.disc.2014.03.013

R.P. Carpentier et al. / Discrete Mathematics 327 (2014) 40-50 41

and y = vy 1. The distance from x to y, denoted by d(x, y), is the minimum possible length of an x-y path in J¢. The diameter
of # is diam(H#) = maxy yev(z) d(X, y).

For¢ > 1and 1 <s < r,an (r, s)-path is an r-uniform hypergraph &’ with vertex set V(£") = {v1, ..., Ve—1)¢—s)+r}
and edge set

E(P) = {01 Vr, Urmsi1 """ Urstrs V2(r—s)b1 * * * V2(r—s)trs « - + s VlmT)(r—5)+1 * * * V(@m1)(r—5)+1}-

In other words, #’ is an interval hypergraph where all the intervals have size r, and they can be linearly ordered so that
every two consecutive intervals intersect in exactly s vertices. For a hypergraph #¢ and x, y € V(#), an x-y (r, s)-path is an
(r, s)-path as described above, with x = vy and y = v —1)¢—s)+r, if such an (r, s)-path exists in #. Let ¥, ; be the family
of the hypergraphs # such that, for every x,y € V(#), there exists an x-y (r, s)-path. Note that every member of #; ; is
connected. For # € %;andx,y € V(#), the (r, s)-distance from x to y, denoted by d, s(x, ¥), is the minimum possible
length of an x-y (r, s)-path in #. The (r, s)-diameter of # is diam, ;(#) = maxy yev () dr,s(x, y).If an (r, s)-path has edges
e, ..., e then we will often write the (r, s)-path as {eq, ..., es}.

The definition of Berge paths was introduced by Berge in the 1970’s. The introduction of (r, s)-paths appeared more
recently. Notably, in 1999, Katona and Kierstead [8] studied (r, s)-paths when they posed a problem concerning a
generalisation of Dirac’s theorem to hypergraphs, and since then, such paths have been well-studied.

An edge-coloured path or (r, s)-path (for 1 < s < r) is rainbow if its edges have distinct colours. For a connected
hypergraph #, an edge-colouring of J¢ is rainbow connected if for any two vertices x, y € V(#), there exists a rainbow x-y
path. The rainbow connection number of ¢, denoted by rc(#), is the minimum integer ¢ for which there exists a rainbow
connected edge-colouring of # with t colours. Clearly, we have rc(#) > diam(#). Similarly, for # € ¥, an edge-
colouring of # is (r, s)-rainbow connected if for any two vertices x,y € V(J), there exists a rainbow x-y (r, s)-path.
The (r, s)-rainbow connection number of ¥, denoted by rc(J¢, r, s), is the minimum integer ¢ for which there exists an
(r, s)-rainbow connected edge-colouring of #¢ with t colours. Again, we have rc(#, r, s) > diam, ;(#). Also, note that for
n>r > 2,wehaverc(X;) =rc(X;,r,s) = 1, where X, is the complete r-uniform hypergraph on n vertices.

Hence, we have two generalisations of the rainbow connection number from graphs to hypergraphs. There are good
reasons to consider both generalisations. We consider the version with Berge paths because this covers the situation for a
larger class of hypergraphs, namely, all connected hypergraphs, rather than just the class %; s for the (r, s)-paths version.
On the other hand, for many hypergraphs, the version with the (r, s)-paths is more interesting than the one with the Berge
paths, in the sense that rc(#, r, s) is much more difficult to determine than rc(#).

This paper will be organised as follows. In Section 2, we shall give a characterisation of those hypergraphs J# with
rc(#) = e(#) and study rc(F) and rc(#, r, s) for some specific hypergraphs, namely, cycles and complete multipartite
hypergraphs. In Section 3, we will show that the functions rc(#) and rc(J#,r,s) (for 1 < s < randr > 3) are separated
in the following sense: there is an infinite family of hypergraphs § C #; s such that, rc(#) is bounded on § by an absolute
constant—we will in fact show that rc(#) = 2 on §; and rc(#, r, s) is unbounded. Note that we have rc(J#, r, s) > rc(#)
for all #¢ € ¥, ;. Similarly, we will show that the functions rc(#¢, r,s) and rc(#,r,s') (for 1 <s # s <randr > 3)are
separated, by proving thatrc(J#, r,s) = 2andrc(J, r, s’) is unbounded on an infinite family of hypergraphs § C F NF; ¢.
Hence, a bound for one of rc(#, r, s) and rc(#, r, s’) does not in general imply a bound for the other.

2. Rainbow connection of some hypergraphs

In [5, Proposition 1.1], Chartrand et al. proved that for a connected graph G, we have rc(G) = e(G) if and only if G is
a tree. We would like to say something similar for hypergraphs. That is, what is a necessary and sufficient condition for a
hypergraph # to have rc(J#) = e(F#)?

Recall that a hypergraph 7 is a hypertree if 7 is connected, and there exists a simple tree T with V(T) = V(77), with the
vertex set of every edge of 7 inducing a subtree of T. Unfortunately, in the hypergraphs setting, a necessary and sufficient
condition on J for rc(#¢) = e(H) is not that # is a hypertree. There are infinitely many hypertrees 7 where rc(77) < e(7).
For example, consider the hypertree 7 which is the (3, 2)-path of length ¢, where ¢ > 3. Letey, ..., e; be the consecutive
edges of 7. By assigning distinct colours to the edges

e1,€e3,€s5,...,6€ if £ is odd,
e1,€3,6s5,...,e,_1,e, ifLiseven,

and then arbitrary (used) colours to the remaining edges, we have a rainbow connected edge-colouring for 7, and rc(77) <
L%J + 1.Infact, we have rc(7) = L%J +1,sincerc(77) > diam(7) = L%J +1.Hence, we haverc(7) = L%J +1 < =e(T).

Nevertheless, we can still find such a necessary and sufficient condition, which will be a connectivity property. Recall
that a graph G with e(G) > 1 is minimally connected if G is connected, and for every e € E(G) the graph (V(G), E(G) \ {e})
is disconnected. It is well-known that if e(G) > 1, then G is minimally connected if and only if G is a tree. Hence, Chartrand
et al.’s result can be restated as follows: “For a connected graph G with e(G) > 1, we have rc(G) = e(G) if and only if G is
minimally connected”. In this direction, we do have the analogous situation for hypergraphs.

We say that a hypergraph # with e(#) > 1 is minimally connected if # is connected, and for every e € E(¥#),
the hypergraph (V(#), E(#) \ {e}) is disconnected. Note that, unlike in the graphs setting, hypertrees and minimally
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