Discrete Mathematics 328 (2014) 54-62

Contents lists available at ScienceDirect

Discrete Mathematics

journal homepage: www.elsevier.com/locate/disc

More on the Terwilliger algebra of Johnson schemes @CmssMark

Benjian Lv?, Carolina Maldonado, Kaishun Wang®*

2Sch. Math. Sci. & Lab. Math. Com. Sys., Beijing Normal University, Beijing, 100875, China
b FCEFyN Universidad Nacional de Cérdoba, CIEM-CONICET, Argentina

ARTICLE INFO ABSTRACT
Article history: In Levstein and Maldonado (2007), the Terwilliger algebra of the Johnson scheme J(n, d)
Received 30 July 2013 was determined when n > 3d. In this paper, we determine the Terwilliger algebra 7 for

Received in revised form 12 February 2014
Accepted 1 April 2014
Available online 18 April 2014

the remaining case 2d < n < 3d.
© 2014 Elsevier B.V. All rights reserved.

Keywords:
Association scheme
Johnson scheme
Terwilliger algebra

1. Introduction

Let X = (X, {R,—}f’zo) denote a commutative association scheme, where X is a finite set. Suppose Maty (C) denotes the
algebra over C consisting of all matrices whose rows and columns are indexed by X. For each i, let A; denote the binary
matrix in Maty (C) whose (x, y)-entry is 1 if and only if (x, y) € R;. We call A; the ith adjacency matrix of X. We abbreviate
A = Ay, and call it the adjacency matrix of X. The subalgebra of Maty (C) spanned by Ay, A1, ..., Aq is called the Bose-Mesner
algebra of X, denoted by 8. Since B is commutative and generated by real symmetric matrices, it has a basis consisting of
primitive idempotents, denoted by Ey = |71|], Ei,E,,...,Es. Foreachi e {0, 1,...,d}, write

d d
. 1 .
A= j:ZOPi(I)Ej, Ei = x| ;%(})Af

The scalars p;(j) and g;(j) are called the eigenvalues and the dual eigenvalues of X, respectively.
Fixx € X.For 0 <i < d, let E/ denote the diagonal matrix in Matyx (C) whose (y, y)-entry is defined by

o _ )1, if(x,y) €R;,
(E)yy = {0, otherwise.

The subalgebra 7~ (x) of Matx (C) generated by Ao, A1, . .., Ag; E§, ET, . . ., Ej is called the Terwilliger algebra of X with respect
to x.

Terwilliger [12] first introduced the Terwilliger algebra of association schemes, which is an important tool in considering
the structure of an association scheme. For more information, see [4,5,13,14]. The Terwilliger algebra is a finite-dimensional
semisimple C-algebra; it is difficult to determine its structure in general. The structures of the Terwilliger algebras of some
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association schemes have been determined; see [1,3] for group schemes, [ 15] for strongly regular graphs, [7,11] for Hamming
schemes, [10] for Johnson schemes, [8] for odd graphs, and [9] for incidence graphs of Johnson geometry.

Let [n] denote the set {1, 2, ..., n} and <[Z]) denote the collection of all d-element subsets of [n]. For 0 < i < d, define

R = {(x,y) € (lzj> X (lzl) | [xNy| = d—i}. Then (([ZJ) , {R,—}?ZO) is a symmetric association scheme of class d, which

is called the Johnson scheme, denoted by J(n, d). Note that J(n, d) is isomorphic to J(n, n — d). So we always assume that
n > 2d.

Since the automorphism group of J (n, d) acts transitively on ([Z] ) the isomorphism class of the Terwilliger algebra 7 (x)

of J(n, d) is independent of the choice of x in [ZJ . We will denote 7 := 7 (x).

In [10], the Terwilliger algebra of the Johnson scheme J(n, d) was determined when n > 3d. In this paper, we focus on
the remaining case, and determine the Terwilliger algebra 7 of J (n, d). In Section 2, we introduce intersection matrices and
some useful identities. In Section 3, two families of subalgebras M™% and W of Maty (C) are constructed. In the last two
sections, we show that 7 = M™% when 2d < n < 3d,and T = & when n = 2d.

2. Intersection matrix

In this section we first introduce some useful identities for intersection matrices, then describe the adjacency matrix of
the Johnson scheme J(n, d) in terms of intersection matrices.

Let V be a set of cardinality v. Let H{J(v) be a binary matrix whose rows and columns are indexed by the elements of (‘l/)

and (‘J/) respectively, whose ojoj-entry is 1if and only if |o; N o] = r. We call H{j(v) an intersection matrix. For simplicity,

m

write H; j := H; jm(”). Now we introduce some useful identities for intersection matrices.

Lemma 2.1 ([6, Theorem 3]). For 0 < | < min(i, j) and 0 < s < min(j, k),

min(i, k) g . .
I s _ g\ (i—g k—g v+g—i—k
HOH W) = ) (Z(h) (l—h> (s—h) <j+h—z_s>)H"g*k(v)'

g=0 h=0

Lemma 2.2 ([10, Lemma 4.5]). Let v be a positive integer.
(Foro<i<j<l<v,

I—i
H;j(v)H;(v) = (1 —j) Hj.
(i) For 0 < max(i,l) <j<w,

(b (v — max(i, I) —m

HijH () = >

m=0
(iii) For 0 <j < min(i, ) < v,
min(i,l)—j s
min(i, [) —m
HiH0) = Y ( ;

m=0

in(i.l—
)H{r;ln(l m)(v).

j—max(@, ) —m

) H:}in(i,l—m) (U) )

Pick x € (T). For0 < i < d, write ; ;== {y € ([Z]) | x Ny| = d — i}. Then we have the partition <[ZJ) = CJ?:OQi.

Now we consider the mth adjacency matrix Ay, of ] (n, d) as a block matrix with respect to this partition. Denote (Ap,)|q;x e
the submatrix of A, with rows indexed by §2; and columns indexed by £2;.

In the remainder of this paper, we always assume that I""¥ denotes the identity matrix of size (Z) and A,(,'{ % denotes the
mth adjacency matrix of J (v, k). In fact A,(,f’k) = H,’:,;’”(v).

Lemma 2.3 ([10, Lemmas 3.1, 3.5]). Let A denote the adjacency matrix of J(n, d). For 0 <i < j < d, we have
Ao, = [(@d=D @ A—di) | A@dd—D) g j(1=d.)
Algixaiy = Himig-i-1(d) @ Hijr1(n — d),
Agixg; =0, ifj>i+2,

where “®" denotes the Kronecker product of matrices.
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