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1. Introduction

All graphs considered here are simple, finite and undirected and are also connected. For graph theory terminology not
defined here, we direct the reader to [7]. A drawing of a graph G = (V, E) is a mapping ¢ that assigns to each vertex in
V a distinct point in the plane and to each edge uv in E a continuous arc (i.e., a homeomorphic image of a closed interval)
connecting ¢(u) and ¢ (v), without passing through the image of any other vertex. In addition, we impose the following
conditions on a drawing: (1) no three edges have an interior point in common, (2) if two edges share an interior point p,
then they cross at p, and (3) any two edges of a drawing have only a finite number of crossings (common interior points).
The crossing number cr (G) of a graph G is the minimum number of edge crossings in any drawing of G. Let D be a drawing
of the graph G, and we denote the number of crossings in D by crp(G). For more on the theory of crossing numbers, we
refer the reader to [8]. The Cartesian product GOH of graphs G and H has the vertex set V(G) x V(H) and the edge set
E(GOH) = {(x1,y1) (X2, ¥2)|¥1 = x; and y1y, € E(H) ory; = y, and x1x, € E(G)}.

The investigation of the crossing number of a graph is a classical but very difficult problem (for example, see [8]). In
fact, computing the crossing number of a graph is NP-complete [9], and the exact values are known only for very restricted
classes of graphs. The crossing numbers of the Cartesian products of graphs have been studied since 1973, when Harary
et al. [12] conjectured that cr(C,,0C,) = (m — 2)n for 3 < m < n. This conjecture has been verified in [1,20-23]
form < 7,n > m. Glebsky and Salazar [10] also showed that the conjecture holds forn > m(m + 1) and m > 3.
Kles¢ [15] determined the crossing numbers of the products of all 4-vertex graphs with paths and stars except cr (K; 30P,),
which was earlier determined by ]endroT and S¢erbova [13], who also obtained cr(Kq,30C,) for n > 1. In their paper, they
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conjectured that cr(S,0P,) = (n — 1) L%J L'"T’]J for m, n > 1. For general n, the conjecture was recently confirmed by
Bokal in [5]. Beineke and Ringeisen [3,4] determined the crossing numbers of the products of all 4-vertex graphs with cycles.
KleS¢ [16-18] determined the crossing numbers of the products of all 5-vertex graphs with paths. In particular, he proved
that cr (KsOP,) = 6n forn > 1in[16]. Zheng et al. [26] recently proved that cr (KgOP,) = 15n + 3 forn > 1 and

cr(KpOPy) > (n — 1)er(Kmg2 \ @) + 2cr (Kipg1)- (1.1)
In their paper, for n > 1, they conjecture that

e =g 5 |7 7 O )

In this contribution, we show that equality holds in (1.1) for m > 1 and conjecture that (1.2) holds for 1 < m < 10.
The approach is seemingly new. To obtain the crossing number of K, \ e, we construct a drawing of K, from the drawing
of K, \ e and obtain two lower bound expressions of cr (K, \ e) by the standard counting method used in [14,25]. To prove
that equality holds in (1.1), we introduce the zip product operation that was used in [2,5,6,24] and prove a lemma about it
with similar sufficient conditions to the ones in [5].

2. Some definitions and lemmas

Definition 2.1. For a graph G, let A, B C E(G); then, for a drawing ¢ of G, let
ae(AB) =Y Ip(@ N$(b).
acA,beB
Additionally, let cry (A, A) = cry(A).
Informally, cry (A, B) denotes the number of crossings between every pair of edges where one edge is in A and the other
inB.
For three mutually disjoint subsets A, B, C C E(G), the identities

cry(AUB) = cry(A) + cry(B) + crg (A, B) (2.1)
and

cry(A,BUC) =cry(A, B) + crg(B, O) (2.2)
are noted.

Let G;,i = 1, 2, be a graph with a vertex v; € V(G;) whose neighborhood N; = N, (v;) has size d. A zip function of graphs
G; and G, at vertices vy and v, is a bijection o : Ny — N,. The zip product G; ®, G, of graphs G; and G, according to o is
obtained from the disjoint union of G; — vy and G, — v, by adding the edges uo (u), u € Ny.

A drawing D; of the graph G; (i = 1, 2) defines (up to a circular permutation) a bijection 7; : N; — {1, 2, ..., d} that
respects the edge rotation around v; in D;. The zip function of drawings D; and D, at vertices vi and v, is o : Ny — Ny,
o = 712_17r1. The zip product D; ®, D, of D; and D, according to o is obtained from D; by adding a mirrored copy of D,
that has v, incident with the infinite face disjointly into some face of D; incident with v; by removing vertices v; and v,
and small disks around them from the drawings and then joining the edges according to the function . For more detail, we
refer the reader to [5,6]. For this construction, the following lemmas hold:

Lemma 2.1 ([5]). For i = 1, 2, let D; be an optimal drawing of G;, let v; € V(G;) be a vertex of degree d, and let o be a zip
function of Dy and D, at v1 and v,. Then, cr (G, Oy G3) < cr(Gy) + cr(Gy).

Let S, = Kj, be a star graph with n vertices of degree 1 (called the leaves of the star) and one vertex of degree n
(the center). Let G be a graph and S C V(G), |S| = n. We say that S is k-star-connected in G if there exist k disjoint sets
F1, F, ..., F, C E(G) such that either G[F;] is a subdivision of S, with S being the leaves or G[F;] is a subdivision of S;,_; with
all its leaves and the center belonging to S.

Lemma 2.2 ([5]). Let Gy and G, be disjoint graphs, v; € V(G;), deg(v;) = d, and let the neighborhood N; of v; be 2-star-connected
inG; — v;,i =1, 2. Then, cr (G ©Oy G) > cr(Gy) + cr(Gy) for any bijection o : Ny — N.

Lemma 2.3 ([26]). cr(Kp \ €) < }{"TJ L’“Z”J L"”fJ {m{“J

Some of the proofs in this paper are based on these results for the crossing numbers of complete graphs, more precisely
as follows:

Conjecture 2.1 ([11]). cr (Ky) = QM {'"Z*J Lm;zJ L"TJ

It has been proven by Guy [11] for m < 10 and by Pan and Richter [19] for m = 11, 12, respectively.
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