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a b s t r a c t

We consider the enumeration problem of unlabeled hypergraphs by using Pólya’s counting
theory and Burnside’s counting lemma. Instead of characterizing the cycle index of the
permutation group acting on the edge set E , we treat each cycle in the cycle decomposition
of a permutation ρ acting on E as an equivalence class (or transitive set) of E under the
operation of the group generated by ρ. Compared to the cycle index-based method, our
method is more effective to deal with the enumeration problem of hypergraphs. Using this
method we establish an explicit counting formula for unlabeled k-uniform hypergraphs
of order n, where k is an arbitrary integer with 1 ≤ k ≤ n − 1. Based on our counting
formula, the asymptotic behavior for the number of unlabeled uniform hypergraphs is also
analyzed.

© 2014 Elsevier B.V. All rights reserved.

1. Introduction

Graphical enumeration may date from 1857 when Cayley successfully found a recursive formula for the number of trees
and rooted trees. Later in 1937, Pólya [14] developed a powerful theory for counting distinct arrangements of objects, which
nowadays is known as Pólya’s theoremor the Redfield–Pólya theorem. Theoretically, this theory provides uswith a universal
technique to count the unlabeled graphs, based on which the enumeration problems for various classes of graphs were
studied in the literature, see for example [2,3,5,6,8,7,9,12,15] and the references cited therein. In particular, the pre-1973
work on graphical enumeration was nicely included in the text book [8] written by Harary and Palmer.

In this paper, we consider the enumeration problem of unlabeled simple hypergraphs. A hypergraph is defined as usual to
be a pair ⟨V , E⟩, where V is the vertex set and E ⊆ 2V is the edge set. A hypergraph H is called uniform, or more specifically,
k-uniform [17] with 1 ≤ k ≤ |V | − 1 if each edge of H consists exactly of k vertices. In contrast, a hypergraph whose edges
can consist of any number of vertices is called a general hypergraph. A hypergraph H is called simple if multiple edges are
not allowed. In the following, all the hypergraphs are simple unless otherwise stated.

In contrast to unlabeled graphs, the enumeration of unlabeled hypergraphs, to a certain degree, was notmuch considered
in the literature. The earlier work was done by de Bruijn and Klarner [4]. The counting formula for unlabeled general
hypergraphs was deduced by Wu [19] and Ishihara [11] independently. Another interest is to enumerate the unlabeled
hypergraphs with given number of vertices and edges in which multiple edges are allowed. The enumeration of such
hypergraphs could be treated as that of a certain type of ordinary bipartite graphs, namely the bicolored graphs [7,13,16,18]
(with only a slight differencewhen the two bipartite sets are of the same order) or equivalently, as that of the (0, 1)-matrices
under row and column permutations [10].

We apply Pólya’s counting theory and Burnside’s counting lemma to our enumeration problem. In general, the key point
of Pólya’s theory to treat the number of cycles in the cycle decompositions of the permutations acting on the edge set is to
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characterize the cycle index of the permutation group, which has been widely used in graphical enumeration. However, in
the enumeration of hypergraphs, to characterize the cycle indexmay become particularly complex [11,19], the usually used
method for which is to use the generating function.

We will, however, not try to characterize the cycle index. Instead, we consider the number of cycles from a different
point of view which arises from a simple observation, that is, a cycle in a permutation ρ acting on the edge set E could be
regarded as an equivalence class of E under the operation of the group ⟨ρ⟩ generated by ρ. Therefore, the number of cycles
is exactly that of the equivalence classes of E under the operation of ⟨ρ⟩.

Compared to themethod based on the cycle index, ourmethod ismore effective to deal with the enumeration problem of
hypergraphs, by which we deduce an explicit counting formula of unlabeled k-uniform hypergraphs for any integer k with
1 ≤ k ≤ |V | − 1. In particular, our result yields a more succinct form of the well known counting formula for the ordinary
graphs introduced by Harary and Palmer [8]. Using our method, we also simplify the counting formula of unlabeled general
hypergraphs given by Wu [19] and Ishihara [11] obtained by using the generating function technique. Finally, based on our
counting formulas, the asymptotic behaviors for the numbers of uniform and general hypergraphs are analyzed.

2. Counting formulas for unlabeled hypergraphs

Let ρ be a permutation of a finite set X . It is well known that ρ can be split in a unique way into cycles, that is, pairwise
disjoint subsets of X that are cyclically permuted by ρ. We notice that any two elements in the same cycle of ρ can be
permuted fromone to another byρt for some integer t . Thismeans thatwemay treat each cycle ofρ, in terms of the standard
Burnside’s counting theory, as an equivalence class (or transitive set [1]) under the operation of the group generated by ρ,
i.e., ⟨ρ⟩ = {ρ, ρ2, . . . , ρ |ρ|

}, where |ρ| is the order of ρ, that is, the least positive integer l such that ρ l is the identity
permutation. Thus, the number of cycles of ρ, denoted by τ(ρ), is exactly the number of equivalence classes of X under the
operation of ⟨ρ⟩. So by Burnside’s lemma (Lemma 5.1, [1]), we have the following observation.

Observation 2.1.

τ(ρ) =
1

|ρ|

|ρ|
i=1

ψ(ρ i),

where ψ(ρ i) is the number of elements of X that are invariant under ρ i, that is, the number of x ∈ X for which ρ i(x) = x.

We now turn to the enumeration problem of hypergraphs. In the following, the vertex set of a hypergraph H = ⟨V , E⟩

is always set to be V = [n] = {1, 2, . . . , n}. For a partition P of n, we write it either as the form P : p1 + p2 + · · · + pq or as
P : 1α1 + 2α2 + · · · + nαn, for the convenience of our discussion, where αi is the number of the integers i in the partition.
Given natural numbers a1, a2, . . . , am, we denote by (a1, a2, . . . , am) and [a1, a2, . . . , am] the greatest common divisor and
the least common multiple of a1, a2, . . . , am, respectively.

A permutation π ∈ Sn (the symmetry group on [n]) with cycle decomposition π = σ1σ2 · · · σq induces a partition
P : p1 + p2 + · · · + pq of n, where pi is the length of the cycle σi. Conversely, it is well known [8] that a partition
P : 1α1 + 2α2 + · · · + nαn of n induces

n!
1α12α2 · · · nαnα1!α2! · · ·αn!

permutations in Sn, each of which has cycle decomposition of the form 1α12α2 · · · nαn , where iαi represents the product of αi
cycles of length i, i ∈ {1, 2, . . . , n}. For a permutationπ ∈ Sn, we denote by ρ(π) the permutation of the edge set E induced
by π . Further, we use ρ(P) to denote ρ(π(P)), where π(P) is an arbitrary permutation in Sn induced by P .

LetP (n) be the class of all the partitions of n. In terms of Burnside’s counting theory, wemodel a hypergraphH as an edge
coloring of the complete hypergraph Kn of order nwith two colors. Thus, by Burnside’s lemma [1], the number of unlabeled
hypergraphs of order n is given by

h(n) =
1
n!


π∈Sn

φ(ρ(π)) =
1
n!


P∈P (n)

n!
1α12α2 · · · nαnα1!α2! · · ·αn!

φ(ρ(P)), (2.1)

where φ(ρ(P)) is the number of colorings that are invariant under ρ(P). By Pólya’s counting theory [1], we have φ(ρ(P)) =

2τ(ρ(P)), where τ(ρ(P)) is the number of cycles in ρ(P). It can be seen that the order of the permutation ρ(P) equals
[p1, p2, . . . , pq]. Thus, by Observation 2.1,

τ(ρ(P)) =
1

[p1, p2, . . . , pq]

[p1,p2,...,pq]
t=1

ψ(ρt(P)). (2.2)

Let π ∈ Sn be induced by a partition P : p1 + p2 + · · · + pq, with cycle decomposition

π = (n11n12 · · · n1p1)(n21n22 · · · n2p2) · · · (nq1nq2 · · · nqpq)
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