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1. Introduction

Let I = (V, E) be a graph with |V | = v vertices. As given in [5], the Cheeger constant h of the graph I' is defined by
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where vol(S) is the sum of the degrees in S.

The Cheeger constant measures the difficulty of separating the graph into two large components by making a small edge-
cut. The Cheeger constant of a connected graph is strictly positive. If the Cheeger constant is “small” but positive, then there
are two large sets of vertices with “few” edges between them. On the other hand, if the Cheeger constant is “large”, then any
two sets of vertices must have many edges between those two subsets. We are interested in finding bounds on the Cheeger
constants of graphs.

Let I" be a connected graph. For a vertex x € V, define I;(x) to be the set of vertices which are at distance precisely i from
x (0 <i <d),whered = max{d(x,y) | x,y € V}. A connected graph I" with diameter d is called distance regular if there
are integers b;, ¢i11 (0 < i < d — 1) such that for any two vertices x, y with d(x, y) = i, there are precisely ¢; neighbors of y
in I;_1(x) and b; neighbors of y in I}y (x).

The connectivity properties of distance regular graphs have been actively developed, for instance in [2,3,10]. From Propo-
sitions 1-3 we see that, for a distance regular graph, there are close connections between the Cheeger constant and vertex
and edge connectivity.
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Proposition 1 ([2]). Let I" be a distance-regular graph with more than one vertex. Then its edge-connectivity equals its valency
k, and the only disconnecting sets of k edges are the sets of edges incident with a single vertex.

Proposition 2 ([3]).Let I" be a non-complete distance-regular graph of valency k > 2. Then the vertex-connectivity k (I') equals
k, and the only disconnecting sets of vertices of size not more than k are the point neighborhoods.

Proposition 3 ([10]). Let I' = (V, E) be a simple graph with the vertex-connectivity k (I") and the edge-connectivity A(I").
Then
21(I) - 20(I") |9S]

< <inf—— <« (I") < A(I),
\4 \4 S|

where S is a subset of V with |S| < "2/—‘

The eigenvalues of distance-regular graphs are involved with the intersection numbers [9,12]. The Cheeger constant has
a relationship with the eigenvalues of the Laplacians of distance-regular graphs. In [8,11], a Cheeger constant is defined as
[0S]

hr = infscy ToI5) with vol(S) < %vol(l‘), where vol(S) is the sum of the degree in S. From Propositions 1-3, we obtain an

inequality \\27\ < hr < 1. We are thus interested in finding optimal bounds of h for distance regular graphs. The known
inequalities of hj with respect to A, are as follows [8,11]:

hr <244, hr < VA2 =21, (1

where A is the smallest positive eigenvalue of the Laplacian .£.

In this paper, we find a Cheeger inequality of a distance regular graph. And this inequality can be expressed as some value
og and Aq (Theorem 5), where o4 can be explicitly expressed as g-numbers. In general it is hard to compute the g-numbers,
so we find an approximation of «y with an arbitrarily small error (Theorem 10). As a major tool we use Green’s function,
which is defined as the inverse of B-Laplacian £ [5,4,6]. We point out that our Cheeger inequality provides an upper bound
of the Cheeger constant of the distance regular graph, which yields an improvement of the bound in Eq. (1).

We briefly explain the main results of the paper. Let I" be a distance regular graph with diameter d and order v. Then,
for any positive real value 8, we obtain the components ri('s ) (i=0,1,...,d) and a Green’s function §g. Throughout this

B

paper, B is any positive real value. We consider a limit with respect to 8, v, r;”” as follows:
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Then,we have 0 < oy < -+ < @e—1 < e < A1 for some e. Let h- be the Cheeger constant of a distance regular graph. We
prove the inequalities A.1thy < @y < --- < A1 (Theorem 5) and hence the bound

The values o;’s are expressed by the eigenvalues A; of the Laplacian and the g-numbers g;(i) of the P-polynomial scheme
[1,7]. More precisely,
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To evaluate g we need to determine the g;(d)’s. But, the g-numbers are not easy to find in general. For this reason, we find
an approximate value &y of ag (Theorem 10). Moreover, we find an explicit expression of «q by using the valencies k; of the

P-polynomial scheme and a certain nullspace & (Lgﬁg).

In Section 2, we introduce basic facts of Cheeger inequalities and the P-polynomial scheme. In Section 3, we introduce
Green'’s function g as the inverse of the 8-Laplacian and give some properties of Green’s function 4. In Section 4, we
find the Cheeger inequality of the distance regular graph by using a Green’s function g4, we obtain a Cheeger bound of the
distance regular graphs. Finally, in Section 5, we find an approximate value &y of g with an arbitrarily small error. We also

find an explicit expression of oy by using the valencies k; of the P-polynomial scheme and the basis of nullspace & (Liﬁg).

2. Preliminaries

In this section, we introduce the Cheeger constant, Cheeger inequality and basic facts on P-polynomial schemes.
Some definitions in graph theory.
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