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Article history: Let &, denote the symmetric group of all permutations of {1,2,...,n} and let & =
Received 23 September 2011 Unso &,. IF IT C & is a set of permutations, then we let Av,, (IT) be the set of permutations
Received in revised form 29 April 2012 in &, which avoid every permutation of /T in the sense of pattern avoidance. One of the
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Available online 13 June 2012 celebrated notions in pattern theory is that of Wilf-equivalence, where [T and 171" are Wilf

equivalent if #Av,(IT) = #Av,(IT’) for all n > 0. In a recent paper, Sagan and Savage
proposed studying a g-analogue of this concept defined as follows. Suppose st : & —

if/};vi\;oarggé {0, 1, 2, ...} is a permutation statistic and consider the corresponding generating function
Catalan number F{(IT; q) = demnm) ¢*t?. Call IT, IT' st-Wilf equivalent if F'(IT; q) = F'(IT'; q) for all
Fibonacci number n > 0. We present the first in-depth study of this concept for the inv and maj statistics. In
Foata bijection particular, we determine all inv - and maj -Wilf equivalences for any /T € &3. This leads
Generating function us to consider various g-analogues of the Catalan numbers, Fibonacci numbers, triangular
Integer partition numbers, and powers of two. Our proof techniques use lattice paths, integer partitions, and
gatterré i Foata’s second fundamental bijection. We also answer a question about Mahonian pairs
ermutation

o raised in the Sagan-Savage article.
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1. Introduction

We begin with some well-known definitions. Let &, denote the set of permutations 7 = a;a,...a, of [n] = {1, 2,
...,n},andlet & = U,>¢ 6,. We denote by 7 (k) the entry ay. And if 1 € &, then we say that & has length n. Two sequences
of distinct integers, aia, . .. a, and b1b, . .. by, are said to be order isomorphic whenever they satisfy

a; < a; ifandonlyif b; < b;

forall1 < i < j < n.We say that 0 € &, contains a copy of m € &y as a pattern if there is a subsequence of o order
isomporphic to . For example, 0 = 436152 contains the pattern & = 132 because of the copy 365. On the other hand, o
avoids m if it does not contain v and we let

Av,(r) = {0 € &, | o avoids 7}.
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More generally, if IT C & then we define Av,,(IT) = N, <7 Av, () so that these permutations avoid every element of I7.
Just as with symmetric groups, it will be useful to let

Av(IT) = ) Ava ().

n>0
We say that IT, IT’ are Wilf equivalent and write IT = IT' if, for alln > 0,

#Av,(IT) = #Av,(IT)
where the number sign denotes cardinality. Given a specific set I7, we will drop the curly brackets enclosing the set when
writing Av, (IT) and in similar notations below. A famous result in this area states that 7 = n’ forany 7, 7’ € &3.

In a recent paper [17], Sagan and Savage proposed studying a g-analogue of Wilf equivalence defined as follows. A
permutation statistic is a function

st: & — N,
where N is the nonnegative integers. Associated with any statistic st and any IT C & we have the generating function
Bg= Y ¢
oeAvp(IT)
Call 11, IT’ st-Wilf equivalent, written IT £ I, if
F(T;q) = F'(1T'; )
for alln > 0. We denote the st-Wilf equivalence class of IT by [IT]s. Note that st-Wilf equivalence implies Wilf equivalence

since setting g = 1 gives FS'(11; 1) = #Av,({1). In particular, if & < 7/ then 7 and 7/ must be in the same symmetric group
since this is true of Wilf equivalence.

Our goal is to study this concept and related ideas for two famous permutation statistics: the inversion number and the
major index. The set of inversions of 0 = aqa; ... a, is

Inve = {(i,j) | i <janda; > q;}.

So Inv o records pairs of indices where the corresponding elements in o are out of order. The inversion number of o is just
invo = #Ilnvo.

By way of illustration, if o = 41523
Inve ={(1, 2), (1,4), (1,5), (3,4), (3,5}

since a; = 4 > a, = 1 and so forth, giving inve = 5.
To define the major index, we must first define descents. Permutation o = a;a, . . . a, has descent set

Deso = {i | a; > aj+1}
and descent number
deso = #Deso.
Descents keep track of the first index in inversion pairs consisting of adjacent elements. The major index of o is given by

majo = Z i

ieDeso
Continuing our example from the previous paragraph, we see that
Deso = {1, 3}

andsomajo =1+3=4.
The statistics inv and maj are intimately connected and, in fact, are equidistributed over &, in the sense that
qmva — qmaja .
agb;n u;n
A statistic whose distribution over &, equals this one is called Mahonian. Since we will use them so often, we will adopt the
following abbreviations for the generating functions for these statistics over avoidance sets
L(IT;q) = K" (T q) and M, (15 q) = F™ (IT; q).

This article is devoted to a study of I,(IT) and M, (IT) and, by the end, we will have completely classified all these
polynomials for all /7 € &3 just as Simion and Schmidt [18] did with the corresponding cardinalities when g = 1. Along
the way we will meet a number of interesting g-analogues for known combinatorial quantities such as Catalan numbers,
Fibonacci numbers, triangular numbers, and powers of two. We will establish connections with lattice paths, integer
partitions, and Foata's second fundamental bijection. We will also answer a question of Sagan and Savage [17] concerning
certain objects called Mahonian pairs. The rest of this paper is structured as follows. In the following section we will consider
inv- and maj-Wilf equivalence in the case #/T = 1. Section 3 will talk about g-analogues of the Catalan numbers arising
in this context. In Sections 4 and 5 we will look at I,(/T) and M,(IT), respectively, when IT C &3 has cardinality 2. The
next two sections investigate the analogous problem for #I7 = 3. The final section contains concluding remarks. Various
conjectures are scattered throughout the paper.
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