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a b s t r a c t

We consider a single server queue in which the customers wait for service for a fixed time
and leave the system if the service has not begun within that time. The customers arrive
according to a Poisson process and each arriving customer brings in a certain amount of
phase-type distributedwork. The service rate of a server varies according to the underlying
continuous time Markov process with finite states. We construct a Markov process by
using the age process and then obtain the stationary distribution of the Markov process.
By using the results of the stationary distribution of theMarkov process, we obtain the loss
probability, the waiting time distribution and the system size distribution.

© 2014 Elsevier B.V. All rights reserved.

1. Introduction

In many service systems, customers wait for service for a limited time only and leave the system if not served during that
time. Such customers with limited waiting time are usually referred to as impatient customers. Impatience phenomena are
often encountered in real-time communication systems, inventory systems with storage of perishable goods, telecommu-
nication networks, call centers, etc. (See [1–3].)

We consider a single server queue with varying service rates and impatient customers. There are several studies on
queues with varying service rates. Boxma and Kurkova [4] considered the M/G/1 queue where the speed of the server
alternates between two values; high speed periods with an exponential distribution and low speed periods with a general
distribution. Baykal-Gursoy and Xiao [5] considered theM/M/∞ queue subject to random interruptions with the durations
being exponentially distributed. Queija [6] considered the M/M/1 processor sharing queue where the server changes its
service rate according to a finite birth and death process. Zhou and Gans [7] considered theM/M/1 queue where the server
changes its service rates only when a customer completes service and the server takes only two values of the service rates.
Mahabhashyam and Gautam [8] studied the M/G/1 queue where the server speed changes according to a continuous time
Markov process. Huang and Lee [9] studied the M/G/1 queue where the server speed changes according to a two-state
Markov chain.

In regards to queues with impatient customers, there has been a large amount of research. Barrer [10,11] analyzed the
M/M/1 and M/M/c queues with constant impatience times and obtained the stationary queue size distributions. Jurke-
vic [12] analyzed the M/M/c queue where the impatience time is the minimum of a constant and an exponentially dis-
tributed time. Jurkevic [13] studied the M/M/c queue with general impatience times. Baccelli and Hebuterne [1] obtained
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the waiting time distributions in the M/M/c and M/G/1 queues with general impatience times. Boxma and de Waal [14]
developed several approximations for the loss probability in the M/M/c queue with general impatience times. Brandt and
Brandt [15,16] considered the M(n)/M(n)/c queue with general impatience times where the arrival and service rates are
allowed to depend on the number n of calls in the system. For the M(n)/M/c queue with general impatience times, see
Movaghar [17]. de Kok and Tijms [18] and Xiong et al. [19] studied theM/G/1 queue with constant impatience time. de Kok
and Tijms [18] obtained an expression for the distribution function of theworkload in terms of theworkload in themodified
system. Xiong et al. [19] set up an integral equation for the workload distribution using level crossing analysis. An analytical
solution for this equation was given only for M/H2/1 + D queue. de Kok and Tijms [18] and Xiong et al. [19] presented
approximations for the loss probability and the mean waiting time in theM/G/1 queue with constant impatience time.

As yet, there are no known results on the queues withMarkovmodulated service rate and impatient customers. We con-
sider a single server queue with Markov modulated service rate and constant impatience time. Customers arrive according
to a Poisson process and each arriving customer brings in a certain amount of phase-type distributed work. The service rate
of a server varies according to a random environment process that is governed by a continuous time Markov process with
finite states. The service discipline is first come, first-served. Each arriving customer enters the system, but is only willing
to wait in the queue for a fixed time τ > 0. A customer who waits for time τ without his service having begun leaves the
system after that time τ and becomes a lost customer. Our model focuses on the impatient customer model with limitation
on the waiting time (impatience until the beginning of service) and unaware customers, which is one of Baccelli et al.’s
classification [20,1] of queueing systems with impatient customers.

Previous papers on queues with impatient customers were analyzed mainly by using the unfinished work. The Markov
fluid queues can be used for the analysis of the unfinished work. Refer to Refs. [21–24] regarding to Markov fluid queues.
Yazici and Akar [25] also used the Markov fluid queues to analyze the impatient customer model with limitation on the
sojourn time (waiting time plus service time).

Because in our queueing model the service rate changes according to an environment process, the method using the
unfinished work is very complicated to apply to our queueing model. Therefore, we use the elapsed waiting time of the
customer at the head of the queue (i.e., the age of the oldest waiting customer) to construct aMarkov process. Choi et al. [26]
and Houdt and Blondia [27] used this type of age process to construct a Markov process. The age process has been used in
the analysis of the queueing systems, refer to He [28].

The main contribution of this paper is the analysis of the queueing system with Markov modulated service rate and
impatient customers. We construct a simple Markov process by using the age process and then obtain the stationary
distribution of the Markov process. By using the results of the stationary distribution of the Markov process, we also obtain
performance measures such as the loss probability, the waiting time distribution and the system size distribution.

This paper is organized as follows. In Section 2, we describe the model in detail. In Section 3, we construct a simple
Markov process and give a differential equation for the stationary distribution of the Markov process. Then we obtain the
stationary distribution of theMarkov process by solving the equation. In Section 4,we obtain the loss probability, thewaiting
time distribution and the system size distribution. In Section 5, numerical examples are presented to illustrate the result.
Appendix is devoted to the derivation of useful properties which are used in Section 3.

2. Model description

Weconsider a single server queuewithMarkovmodulated service rate and constant impatience time τ . Customers arrive
according to a Poisson process with rate λ and each arriving customer brings in a certain amount of work. The amount of
work has a phase-type distribution with representation (α, T ) of order m. The service rate of a server varies according
to the environment process {J(t) : t ≥ 0}, which is assumed to be irreducible Markov process with finite state space
{1, . . . , n} and infinitesimal generator Q = (Qij)1≤i,j≤n. When the state of the environment process J(t) = i, the service rate
is µi, i = 1, . . . , n. That is, the server can serve µi amount of work per unit time.

Let π = (π1, . . . , πn) be the stationary probability vector of the underlying Markov process {J(t) : t ≥ 0}, i.e., π is
a unique solution of πQ = 0 and π1n = 1, where 1n is the n-dimensional column vector with all components equal
to one. Throughout the paper, 0 denotes the zero (row or column) vector of appropriate size determined by the context.
The fundamental service rate is given by µ = πM1n, where M = diag(µ1, . . . , µn), and the offered load ρ is defined as
ρ =

λα(−T )−11m
µ

.
We close this section with a brief review of phase-type distribution. Consider a continuous-time Markov process with

state space {1, . . . ,m,m + 1} and an infinitesimal generator of the form
T T 0

0 0


, (1)

where T = (Tij)1≤i,j≤m is a nonsingularm×mmatrix and T 0
= (T 0

1 , . . . , T 0
m)⊤ is anm-dimensional column vector satisfying

T1m + T 0
= 0. Each of the states of the Markov process represents one of the phases. Let (α, 0) be the initial distribution of

the Markov process, where α = (α1, . . . , αm) with
m

i=1 αi = 1. Then the time until absorption into the state m + 1 in the
Markov process has the phase-type distribution with representation (α, T ) and mean −αT−11m. Without loss of generality,
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