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1. Introduction

Irreducible cyclic codes are an interesting type of codes and have applications in space communications. They have been
studied for decades and a lot of progress has been made.

Throughout this paper, let p be a prime, g = p° for a positive integers,and r = ¢ for a positive integer m. A linear [n, k, d]
code over GF(q) is a k-dimensional subspace of GF(q)" with minimum (Hamming) distance d. Let A; denote the number of
codewords with Hamming weight i in a code € of length n. The weight enumerator of € is defined by

14+ Ax+ A% + - + Ax™

Alinear [n, k] code C over the finite field GF(q) is called cyclic if (cq, c1, ..., cn_1) € C implies (c,_1, Cg, C1, ..., Ch_2) €
C. Let gcd(n, ) = 1. By identifying any vector (co, c1, ..., ch—1) € GF(q)" with

CoF X+ x4+ X" e GRQx]/ (X" — 1),

any code C of length n over GF(q) corresponds to a subset of GF(q)[x]/(x" — 1). The linear code € is cyclic if and only if the
corresponding subset in GF(q)[x]/(x" — 1) is an ideal of the ring GF(q)[x]/(x" — 1).

Note that every ideal of GF(q)[x]/(x" — 1) is principal. Let € = (g(x)) be a cyclic code, where g(x) is monic and deg(f) is
minimal. Then g (x) is called the generator polynomial and h(x) = (x" — 1) /g(x) is referred to as the parity-check polynomial
of C.
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Let N > 1be aninteger dividing r — 1, and putn = (r — 1)/N. Let « be a primitive element of GF(r) and let § = . The
set

C(r, N) = {(Trr/q(B), Try/q(BO), . .., Trrq(BO™ 1)) : B € GF(1)} (1)

is called an irreducible cyclic [n, mg] code over GF(q), where Tr, 4 is the trace function from GF(r) onto GF(q), mq is the
multiplicative order of ¢ modulo n and mg divides m.

Irreducible cyclic codes have been an interesting subject of study for many years. The celebrated Golay code is an
irreducible cyclic code and was used on the Mariner Jupiter-Saturn Mission. They form a special class of codes and are
interesting in theory as they are minimal cyclic codes. The weight distribution, i.e., the vector (1, Ay, A,, ..., Ay—1), of the
irreducible cyclic codes has been determined for a small number of special cases.

The objectives of this paper are to survey and extend earlier results on the weight distributions of irreducible cyclic codes
(see Theorems 23, 21, 15, 17, 18, 19 and 20 as extensions and generalizations of earlier results), to completely characterize
one-weight irreducible cyclic codes (Theorem 16), which is an extension of the result in [28], and to present a divisibility
theorem and develop bounds on the weights in irreducible cyclic codes (see Theorems 24 and 13).

2. Group characters, cyclotomy, and Gaussian periods

In this section, we present results on group characters, cyclotomy and Gaussian sums which will be needed in the sequel.

2.1. Group characters and Gaussian sums

Let Try/, denote the trace function from GF(q) to GF(p). An additive character of GF(q) is a nonzero function x from GF(q)
to the set of complex numbers such that x (x +y) = x (x) x (y) for any pair (x, y) € GF(q)%. For each b € GF(q), the function

xp(c) = ¥ TTrap®O/p for all ¢ € GF(q) (2)

defines an additive character of GF(q). When b = 0, xo(c) = 1forall c € GF(q), and is called the trivial additive character
of GF(q). The character x; in (2) is called the canonical additive character of GF(q).

A multiplicative character of GF(q) is a nonzero function ¥ from GF(q)* to the set of complex numbers such that ¥ (xy) =
W (x)y¥ (y) for all pairs (x,y) € GF(q)* x GF(q)*. Let g be a fixed primitive element of GF(q). Foreachj =1,2,...,q— 1,
the function ; with

Ui (gh) = &VTIWED fork=0,1,...,q—2 (3)

defines a multiplicative character with order (q — 1)/ gcd(q — 1, j) of GF(q). Whenj = q — 1, ¥o(c) = 1forall c € GF(q)*,
and is called the trivial multiplicative character of GF(q).

Let g be odd and j = (q — 1)/2 in (3), we then get a multiplicative character n such that n(c) = 1if c is the square of an
element and n(c) = —1 otherwise. This 7 is called the quadratic character of GF(q).

Let ¥ be a multiplicative character with order k where k|(q — 1) and y an additive character of GF(q). Then the Gaussian
sum G(yr, x) of order k is defined by

G 0= Y ¥©Ox©.

ceGF(q)*
Since G(y/, x») = ¥ (b)G(¥, x1), we just consider G(i, x1), briefly denoted as G(1/), in the sequel. If ¥ # 1, then
G| = q"2. (4)

Generally, to explicitly determine the value of Gaussian sums is a challenging task. At present, they can be determined
in a few cases. Among them is the following case of k = 2.
If ¢ = p°, where p is an odd prime and s is a positive integer, then
(=1)*"1q'? ifp=1(mod 4),
G(n) = 5
() {(—1)5—1(ﬁ)5q1/2 if p = 3 (mod 4). )

The following result [15] is useful in the sequel.

Lemma 1. Let x be a nontrivial additive character of GF(q) with q odd, and let f (x) = a,x*> +a;x+ay € GF(q)[x] with a, # 0.
Then

D X(F(©) = x(ap — a5 (4az)")n(a2)G(n). (6)

ceGF(q)
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