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a b s t r a c t

We investigate the irregularity strength (s(G)) and total vertex irregularity strength (tvs(G))
of circulant graphs Cin(1, 2, . . . , k) and prove that tvs(Cin(1, 2, . . . , k)) =

 n+2k
2k+1


, while

s(Cin(1, 2, . . . , k)) =
 n+2k−1

2k


except if either n = 2k + 1 or if k is odd and n ≡

2k + 1(mod 4k), then s(Cin(1, 2, . . . , k)) =
 n+2k−1

2k


+ 1.

© 2012 Elsevier B.V. All rights reserved.

1. Introduction

Let us consider a simple undirected graph G = (V (G), E(G)) without loops, without isolated edges and with at most one
isolated vertex. We assign a labelw(e) (called also weight), being a positive integer, to every edge e ∈ E(G). For every vertex
v ∈ V (G) we define its weighted degree as

wd(v) =


e∋v

w(e).

We call a weighting w irregular if for each pair of vertices, their weighted degrees are distinct. In [8] the authors defined
the graph parameter s(G) called the irregularity strength of G being the smallest integer s such that there exists an irregular
weighting of G with integers {1, 2, . . . , s}. The value of s(G) is known only for some special classes of graphs, e.g. complete
graphs [8], graphs with the components being paths and cycles [2,11], or some families of trees [3,14].

The lower bound on the s(G) is given by the inequality

s(G) ≥ max
1≤i≤∆

ni + i − 1
i

, (1)

where ni denotes the number of vertices of degree i. In the case of d-regular graphs it reduces to

s(G) ≥
n + d − 1

d
. (2)

The conjecture stated in [8] says that the value of s(G) is for every graph equal to the above lower bound plus some
constant not depending on G. The first upper bounds including the vertex degrees in the denominator were given in [9]
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(cn/δ with relatively large values of c , depending on the relation between n, δ and ∆), then improved (slight reduction of c)
in [12,13]. The best upper bounds known so far can be found in [10]. Namely, the authors have proved that

s(G) ≤


6n
δ


. (3)

The following variant of irregularity strength that allows the vertices to be labeled as well was introduced in [6]. Now
the weighted degree is defined as

wd(v) =


e∋v

w(e) + w(v).

The corresponding graph parameter, tvs(G), is called total vertex irregularity strength. The authors of [6] gave the following
lower and upper bounds:

n + δ(G)

∆(G) + 1


≤ tvs(G) ≤ n + ∆(G) − 2δ(G) + 1. (4)

In the case of d-regular graphs this reduces to
n + d
d + 1


≤ tvs(G) ≤ n − d + 1. (5)

The exact values of tvs(G) are known only for a few families of graphs, e.g. complete graphs, paths and cycles [6] or forests
without vertices of degree 2 [5]. The best upper bound on tvs(G) is given in [4]:

tvs(G) ≤


3n
δ


+ 1. (6)

Let us consider circulant graphs defined as follows (see e.g. [7]).

Definition 1.1. Let n and s1, s2, . . . , sk be integers, with 1 ≤ s1 < · · · < sk ≤ n/2. The circulant graph G = Cin(s1, . . . , sk)
of order n is a graph with vertex set V (G) = {0, 1, . . . , n− 1} and edge set E(G) = {(x, x± si mod n), x ∈ V (G), 1 ≤ i ≤ k}.

Note that Cin(s1, . . . , sk) is 2k-regular. The main result given in [7] says that in the case k = 2 and s1 = 1,

s(Cin(1, s2)) =


n + 3
4


(7)

if only s2 ≥ 2 and n ≥ 4s2 + 1. Observe that in this case the value s(G) is equal to the lower bound given by (2).
In [1] the authors gave the exact value of total vertex irregularity strength of the graphs Cin(1, 2):

tvs(Cin(1, 2)) =


n + 4
5


. (8)

In this paper we consider a more general case of circulant graphs, Cin(1, 2, . . . , k), i.e. the k-th powers of cycles Ck
n . We

prove the following two theorems.

Theorem 1.2. If k ≥ 2 and n ≥ 2k + 1, then

tvs(Ck
n) =


n + 2k
2k + 1


.

Theorem 1.3. If k ≥ 2 and n ≥ 2k + 1, then

s(Ck
n) =



n + 2k − 1

2k


+ 1, if n = 2k + 1 or if n ≡ 2k + 1(mod 4k) and k is odd,

n + 2k − 1
2k


, otherwise.

2. Proof of Theorem 1.2

The lower bound on tvs(G) is given by (5), we now present an upper bound. For simplicity write ⌈
n+2k
2k+1⌉ = ⌈

n−1
2k+1⌉ +

1 = s + 1. Further, observe that because Ck
n is a regular graph it is enough to find an irregular weighting with weights

{0, 1, 2, . . . , s} (to complete the final weighting just add 1 to every edge and vertex label). Finally, throughout the proof if
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