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1. Introduction

In this paper we consider simple graphs (i.e., a graph with no loops and parallel edges) only. For any graph G, let V(G), E(G)
and v(G) be its vertex set, edge set and order (i.e., v(G) = |V (G)|), respectively. If it is not mentioned elsewhere in this paper,
we always assume that G is a simple graph with vertex set V. = {vq, vp, ..., vy} and edge set E = {eq, e, ..., e.}, where
€ = |E|. Amatching of G is a subset M of E such that each vertex of G is incident with at most one edge in M. For any integer
k > 0, let ¢x(G) denote the number of matchings M of G with [M| = k. It is clear that ¢o(G) = 1 and ¢1(G) = |E|. One form
of matching polynomial is Y_,., ¢x(G)x* (see [1]). In this paper, we study another form of matching polynomial which is
defined below:

[n/2]
1(G,x) =Y (=1 (G (1.1)

k=0

This polynomial is also called the acyclic polynomial (see [4]). Throughout this paper, this polynomial 1 (G, x) will be referred
to as the matching polynomial of G.
Godsil and Gutman [2] showed that

(G, x) =27 " det(xl, — A(w)), (1.2)

where the summation ranges over all 2¢ distinct e-tuples w = (w1, wa, ..., we), w; € {1, —1} and the matrix A(w) = (aj«)
with the tuple w = (w1, wy, ..., w) is defined as follows: a; x = ws if vjvy is the edge e; and a; x = 0 if vju, & E for all j, k.
Yan et al. [7] obtained a similar result that

(G, x) =27 " det(xly + iA(G?)), (1.3)
Ge
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where the sum ranges over all 2¢ orientations G¢ of G, i is the complex number with i? = —1 (i will be used to denote
this number throughout this paper) and A(G®) = (g;x) is the matrix defined as follows: a;x = 1if (v}, vy) is an arc in G,
ajx = —1if (v, vj) is an arc in G° and q; x = 0 otherwise.

This paper generalizes the above results by showing that if F is a subset of E such that every pair of cycles in G—F (i.e., the
subgraph obtained from G by removing all edges in F) are edge-disjoint, then

1(G.x) =271 " det(xl, — B), (1.4)
B

where the sum ranges over all matrices in a set of 2/F/ matrices B = (bj x) with the property that b; x x b, ; = 1when vjv, € E
and b; = by ;j = 0 otherwise (see Corollary 2.2). When F = E, this result implies (1.2) and (1.3).

2. Main result

For any graph G, let M (G) be the set of matrices (aj x)nxn Such that g; xa,; = 1if vy, € E and g;; = a,; = 0 otherwise.
Note that (g;x) € M(G) is an adjacency matrix of G if a;; = 1 whenever vjv;y € E. It is well known (see [4-6]) that
(G, x) = det(xl, — A) if G is a forest and A is an adjacency matrix of G. This result is actually a particular case of the
following result due to Graovac and Polanksy [3].!

Theorem 2.1 ([3]). Let G be a graph in which every pair of cycles are edge-disjoint and A = (a; x) be any matrix in M(G). Assume
that for every cycle C : vy vy, - - - v vy, in G, the following condition always holds:

. . 2 2 2 _
Aryrys Qryrgs - Grgry € {1, —1,1, —i} and e -1

Then (G, x) = det(xl, — A). O

By Theorem 2.1, if G is a forest, then © (G, x) = det(xI, — A) holds for every matrix A € M(G).

For G = (V,E), where V = {vq, v, ..., v}, assign every e € E a non-zero complex number w,. We call {w,}.cr the
weight-function of E, denoted by w (or simply by w). Let M (G, w) be the set of (n x n)-matrices (a; ;) satisfying the condition
below:

Ak € {we, —we}, ifj <kandvjyy =e €E;
j k= 1/(1,{,1', lf] > kand VjVk € E; (21)
ajx =0, otherwise.

Note that M (G, w) contains exactly 2'El matrices and M (G, w) € M(G).
By the notation of a weight-function w = {w,}cE, the result of (1.2) due to Godsil and Gutman [2] is equivalent to the
expression below with w, = 1foralle € E:

1(Gx)=2"""3" det(xl, — A). (2.2)
AeM(G,wW)

The result of (1.3) due to Yan et al. [7] is also equivalent to (2.2) with w, = i for all e € E. We shall show that (2.2) actually
always holds as long as w, # 0 foralle € E.

LetG = (V, E) beany graphwithV = {vy, v2, ..., v,} and weight-function W = {w,}ecg, F be asubsetof Eand A = (a; )
be an n x n matrix with a; x # 0, whenever vjvy € E. Let

6r(G) ={G—F — {vj, vy : vjuy € F'} : F/ C F}, (2.3)
where G—F — V' is the subgraph of G — F after deleting all vertices in V’, and M (A) be the set of matrices (d; x)nxn Satisfying

the following condition:

dix € {ajk, —ajk}, ifj < kandvjv, € F;
di = 1/dy, if k < jand vju, € F; (2.4)
djk = Gk, otherwise.

Note that G — F € §¢(G) and every graph of §;(G) is a subgraph of G — F. It is also clear that |.Mr(A)| = 2fl. Note that if
A€ M(G),thenA € Mr(A) C M(G) forany F C E.

For any n x n matrix A = (g; ;) and any non-empty subset I of {1, 2, ..., n}, let A[I] be the matrix obtained from A by
removing rows sy, S», . .., S; and columns sy, S, ..., S, where {s1,so, ...,s;} ={1,2,...,n} — L.

1 This result was explained in [3]. It may have also appeared in some other articles.
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