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2(d,i)={AeP®) | A+ Ag = I', d(A) = d(A N Ao) + i} U ().

gffgﬁﬁif}egular graph If we define the partial order on .#(d, i) by ordinary inclusion (resp. reverse inclusion), then
Subspace £(d, i) is a finite poset, denoted by %, (d, i) (resp. £z(d, i)). In the present paper we show
Poset that both %y (d, i) and % (d, i) are atomic, and compute their characteristic polynomials.
Characteristic polynomial © 2009 Elsevier B.V. All rights reserved.

1. Introduction

In this section we recall some terminologies and definitions about posets [1,2] and d-bounded distance-regular graphs.

Let P be a poset. For a, b € P, we say a covers b, denoted by b < a, if b < a and there exists noc € P suchthatb < ¢ < a.
Let P be a finite poset with the minimum element, denoted by 0. By a rank function on P, we mean a function r from P to
the set of all the integers such that r(0) = 0 and r(a) = r(b) + 1 whenever b < a. Observe the rank function is unique if it
exists. P is said to be ranked whenever P has a rank function. Let P be a finite poset with 0. By an atom we mean an element
of P covering 0. We say P is atomic if each element in P \ {0} is the join of atoms in P.

Let P be a ranked poset with 0 and the maximum element, denoted by 1. The polynomial

x(P.y) =" p(0, @y "
aeP
is called the characteristic polynomial of P, where p is the Mobius function on P and r is the rank function of P.

Let P and P’ be two posets. If there exists a bijection ¢ from P to P’ such that, for all a,b € P,a < b if and only if
o(a) < o(b), then o is said to be an isomorphism from P to P’. In this case, we call P is isomorphic to P’. It is well known
that two isomorphic posets have the same Mobius function.

Let I' = (X, R) be a connected regular graph. For vertices u and v of I'", d(u, v) denotes the distance between u and v. The
maximum value of the distance function in I" is called the diameter of I", denoted by d(I"). For vertices u and v at distance
i, define

Clu,v) =GCGu,v) ={w|ou,w)=i—1,9d(w,v) =1},
A(u,v) =A@, v) ={w|d(u,w) =i, d(w,v) = 1}.

For the cardinalities of these sets we use lower case letters ¢;(u, v) and a;(u, v).
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A connected regular graph I" with diameter d is said to be distance-regular if c¢;(u, v) and a;(u, v) depend only on i for all
1 <i < d. Thereader is referred to [3] for general theory of distance-regular graphs.

Recall that a subgraph induced on a subset A of X is said to be strongly closed if C(u, v) U A(u, v) € A for every pair of
vertices u, v € A. Suzuki [18] determined all the types of strongly closed subgraphs of a distance-regular graph.

A distance-regular graph I" with diameter d is said to be d-bounded, if every strongly closed subgraph of I" is regular, and
any two vertices x and y are contained in a common strongly closed subgraph with diameter d(x, y).

Weng [23,24] used the term weak-geodetically closed subgraphs for strongly closed subgraphs, obtained the basic
properties and characterized when a distance-regular graph is d-bounded. A regular strongly closed subgraph of I" is said
to be a subspace of I'. For any two subspaces A and A, of I', A; + A, denotes the minimum subspace containing A; and
As.

The lattices generated by orbits of subspaces under finite classical groups were discussed in Huo, Liu and Wan [13-15],
Huo and Wan [16], Gao and You [6,7], Wang and Feng [19], Wang and Guo [20,21], Guo and Nan [12,17], Guo [10], Guo, Li
and Wang [11], Wang and Li [22]. The subspaces of a d-bounded distance-regular graph have similar properties to those
of a vector space, as a generalization of the above results, some lattices were constructed by subspaces in a d-bounded
distance-regular graph, see [4,8,9].

Let I' = (X, R) denote a d-bounded distance-regular graph with diameter d > 3. For x € X, let P(x) be the set of all
subspaces containing xin I". For 1 <i < d — 1, let Ay denote a fixed subspace with diameter d — i in P(x), and let

2(d,i) ={A€P®) | A+ Ag = I',d(A) = d(A N Ap) + i} U (7).

If we define the partial order on .#(d, i) by ordinary inclusion (resp. reverse inclusion), then .#(d, i) is a finite poset, denoted
by % (d, i) (resp. #4(d, i)). In the present paper we show that both .#,(d, i) and .#;(d, i) are atomic, and compute their
characteristic polynomials.

2. Some results on d-bounded distance-regular graphs
In this section we first recall some results on d-bounded distance-regular graphs, and then introduce two useful lemmas.
Proposition 2.1 ([23, Lemma 2.6]). Let I be a d-bounded distance-regular graph. Then we have b; > b;;1 where0 <i <d—1.

Proposition 2.2 ([24, Lemmas 4.2, 4.5]). Let I" be a d-bounded distance-regular graph. Then the following hold:

(i) Let A be a subspace of I’ and 0 < i < d(A). Then A is distance-regular with intersection numbers c;(A) = ¢;, a;(A) =
aj, bj(A) = b; — byy).
(ii) For any vertices x and y, the subspace with diameter 9 (x, y) containing x, y is unique.

Proposition 2.3 ([4, Lemma 2.1]). Let I" be a d-bounded distance-regular graph with diameter d > 2. For 1 <i+ 1 <i+4s <
i+ s+t <d,suppose that A and A’ are two subspaces satisfying A C A’,d(A) = iand d(A’) = i+ s + t. Then the number
of the subspaces with diameter i + s containing A and contained in A’, denoted by N(i, i+ s,i+ s+ t), is
(bi — bitsye)(biy1 — bixste) -+ (biys—1 — biysye)
(bi = biys)(bix1 — biys) - -+ (bigs—1 — biys)

Proposition 2.4 ([4, Lemma 2.8]). Let I" be a d-bounded distance-regular graph. Suppose that A and A’ are two subspaces. If
d(ANA") # @, thend(A) +d(A) > d(ANA)+d(A+ A).

Proposition 2.5 ([5, Lemma 2.8]). Let I" be a d-bounded distance-regular graph with diameter d > 2. Let A and A’ be two
subspaces in I such that d(A) + d(A’) = d(A N A') + d(A + A’). Then for all subspaces A, containing A N A’ in A, and for
all subspaces A, containing A N A" in A’, we have d(A1) + d(Ay) = d(A1 N Ay) +d(A; + Ay).

Proposition 2.6 ([5, Theorem 1.1]). Let I" be a d-bounded distance-regular graph with diameter d > 3. Suppose that 0 < t <
i+t,j+t<i+j+t <dy <d and suppose that A and A* are subspaces with diameter i + t and diameter d; in P(x),
respectively. Suppose A C A*. Then the number of subspaces A’ with diameter j+t and A" C A* in P(x) suchthat d(ANA") =t
andd(A + A') =i+j+t,denoted by M(t,i+t,j+t;dy),is

(bo — bire)(by — biy¢) - - - (be—1 — bigt) (bizt — ba,) (bixes1 — bay) - - (bitjre—1 — ba)
(bo — be)(by — by) - -+ (b—1 — b)) (by — bjye)(bes1 — bjge) - -+ (b1 — biye)

In the rest of the paper, we always assume that M(I, d — i, i + [; d) is given by Proposition 2.6. Now we prove two basic
results on .#(d, i).

Lemma2.7. let A € 2(d,i) \ {#}and A D Ay € P(x). Then A; € £(d,i) if and only if (A N Ay) + A1 = A and
d(A) =d(A;N Ag) +i.
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