Discrete Mathematics 310 (2010) 767-773

Contents lists available at ScienceDirect

Discrete Mathematics

journal homepage: www.elsevier.com/locate/disc

Some new results on walk regular graphs which are cospectral
to its complement

Mirko Lepovié
Tihomira Vuksanovica 32, 34000, Kragujevac, Serbia

ARTICLE INFO ABSTRACT

Article history: We say that a regular graph G of order n and degree r > 1 (which is not the complete

Received 2 September 2008 graph) is strongly regular if there exist non-negative integers t and 0 such that |S;NSj| = ©

Received in revised form 1 September 2009 for any two adjacent vertices i and j, and |S; N Sj| = 6 for any two distinct non-adjacent

Q\C/:ll;fl: inslfgéezrgbseeﬁg&%er 2009 vertices i and j, where Sy denotes the neighborhood of the vertex k. We say that a graph
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cospectral fori = 1,2, ..., n. Let G be a walk regular graph of order 4k + 1 and degree 2k
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Walk regular graph which is cospectral to its complement G. Let H; be switching equivalent to G; with respect

Strongly regular graph Fo Si € V(G;j). We here prove thaF G is strongly regqlar if and only if A(G;) = A(H;) for
Vertex-deleted subgraph i=1,2,...,4k + 1, where A(G) is the number of triangles of a graph G.
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1. Introduction

Let G be a simple graph of order n. The spectrum of G consists of the eigenvalues A; > A, > --- > A, ofits (0,1) adjacency
matrix A = A(G) and is denoted by o (G). The Seidel spectrum of G consists of the eigenvalues A} > A3 > ... > A7 of its
(0, —1, 1) adjacency matrix A* = A*(G) and is denoted by 0*(G). Let Pg(A) = |Al — Al and PZ(L) = |Al — A*| denote the
characteristic polynomial and the Seidel characteristic polynomial, respectively. Let

n n
Pc(0) =) @A™ and Pe(h) =) @A™,

k=0 k=0

where G denotes the complement of G. We know thatag = 1, a; = 0,a, = —e and a3 = —2A, where e = ¢(G) and
A = A(G) is the number of edges and the number of triangles of the graph G.

Let Ak = [a,.(j’o] for any non-negative integer k. The number W of all walks of length k in G equals sum A*, where sum M
is the sum of all elements in a matrix M. According to [1], the generating function W;(t) of the numbers Wy, of length k in
the graph G is defined by W¢(t) = Y ;%5 Wit*. Besides [1],

1 [R5
We(t) = - | —————F= — 1. (1
t Pe(1)
Similarly, the function W{(t) = ;;og W,j‘tk is called the Seidel generating function [5], where W’ = sum (A*)*. Further,

we say that an eigenvalue u of G is main if and only if (j, Pj) = ncos?> @ > 0, where j is the main vector (with coordinates
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equal to 1) and P is the orthogonal projection of the space R" onto the eigenspace &, (w). The quantity 8 = | cos «| is called
the main angle of u. Since Wy = (A™j, A*"™j) we find that

Wy = Wl,mwl,kfm + WZ,mWZ,kfm +--- 4+ Wn.mWn,kfm, (2)
where W; ; is the number of all walks of length k that starts from the vertex i. In particular, using (2) we obtain (i) Wy = n;
(it) Wh = -1, di; (ili) Wy = YL, d7 and (iv) W3 = )~ ;. did; where d; = d;(G) denotes the degree of the vertex iin G
and E = E(G) is the edge set of G. Finally, using (1) we get

k i k=1
Z(—l)' (k ) a; = ag + Zak—l—iWi’ (3)
i=0 —t i=0

for any non-negative integer k. We say that u* € o*(G) is the Seidel main eigenvalue if and only if (j, P*j) = ncos? y > 0,
where P* is the orthogonal projection of the space R" onto the eigenspace &4+ (*). The quantity 8* = | cos y| is called the
Seidel main angle of u*. Using the spectral decomposition of A*, we find that

W < 1 ) . m N n;i R ni @)
AV =
where nf = n(,B;‘)2 and nj + ny + --- 4+ ny = n, understanding that B/ is the Seidel main angle of u;. Of course,
for any A* € o*(G) we have —A* € o*(G). Since & (A*) = & (—1*), we obtain that M*(G) = —M*(G), where
—M*(G) = {\* | —=A* € M*(G)}. Therefore, according to (4), we get
1 i na A
Wik Ja 1 + 2 ot k . 5
‘;(K) Atui o A+ A+ g )

Next, the Seidel spectrum of a graph G which is cospectral to its complement G is symmetric with respect to the zero
point. Since, in this case, Wi (t) = WE*(t) it follows that the Seidel main spectrum of G is also symmetric with respect to

the zero point. Consequently, according to (4) and (5), we note if u7 , u* € M*(G) then n} = n*, where nj = n(,Bj‘r)2 and
n* = n(B*)? are related to wyand pu* = —u¥, respectively.

Remark 1. Let M (G) be the set of all main eigenvalues of G. Then we have |M(G)| = |M(G)| and |M(G)| = |.M*(G)|, where
M*(G) denotes the set of all Seidel main eigenvalues of G.

2. Some preliminary results

Let i be a fixed vertex from the vertex set V(G) = {1,2,...,n} and let G; = G . i be its corresponding vertex deleted
subgraph. Let S; denote the neighborhood of i, defined as the set of all vertices of G which are adjacent to i. Besides, let

Ai = Zjes,- d]'
Proposition 1 (Lepovic [7]). Let G be a connected or disconnected graph of order n. Then, for any vertex deleted subgraph G; we
have:
(1%) 4/(G) = A{(G) — di(G) — a’ (G) if j € S;
(2% 4i(G) = Ai(G) — a(G)
lf] el = V(G,) ~ S
We say that a regular graph G of order n and degree r > 1 is strongly regular if there exist non-negative integers t and
0 such that [S; N ;| = 7 for any two adjacent vertices i and j, and |S; N S;| = 6 for any two distinct non-adjacent vertices i

and j, understanding that G is not the complete graph K,,. We know that a regular connected graph is strongly regular if and
only if it has exactly three distinct eigenvalues [2].

Theorem 1 (Lepovic [7]). A regular graph G of order n and degree r > 1 is strongly regular if and only if its vertex deleted
subgraphs G; have exactly two main eigenvalues fori = 1,2, ...,n.

Theorem 2 (Lepovic [7]). Let G be a connected or disconnected strongly regular graph of order n and degree r. Then for any
vertex deleted subgraph G; we have

T—0+r+ (r—@—r)2—40
2
where 111 and o are the main eigenvalues of G;.

M12 =

’
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