
Discrete Mathematics 310 (2010) 767–773

Contents lists available at ScienceDirect

Discrete Mathematics

journal homepage: www.elsevier.com/locate/disc

Some new results on walk regular graphs which are cospectral
to its complement
Mirko Lepović
Tihomira Vuksanovića 32, 34000, Kragujevac, Serbia

a r t i c l e i n f o

Article history:
Received 2 September 2008
Received in revised form 1 September 2009
Accepted 8 September 2009
Available online 26 September 2009

Keywords:
Walk regular graph
Strongly regular graph
Vertex-deleted subgraph
Eigenvalue
Main eigenvalue

a b s t r a c t

We say that a regular graph G of order n and degree r ≥ 1 (which is not the complete
graph) is strongly regular if there exist non-negative integers τ and θ such that |Si∩Sj| = τ
for any two adjacent vertices i and j, and |Si ∩ Sj| = θ for any two distinct non-adjacent
vertices i and j, where Sk denotes the neighborhood of the vertex k. We say that a graph
G of order n is walk regular if and only if its vertex deleted subgraphs Gi = G r i are
cospectral for i = 1, 2, . . . , n. Let G be a walk regular graph of order 4k+ 1 and degree 2k
which is cospectral to its complement G. Let Hi be switching equivalent to Gi with respect
to Si ⊆ V (Gi). We here prove that G is strongly regular if and only if ∆(Gi) = ∆(Hi) for
i = 1, 2, . . . , 4k+ 1, where∆(G) is the number of triangles of a graph G.

© 2009 Elsevier B.V. All rights reserved.

1. Introduction

LetG be a simple graph of order n. The spectrum ofG consists of the eigenvalues λ1 ≥ λ2 ≥ · · · ≥ λn of its (0,1) adjacency
matrix A = A(G) and is denoted by σ(G). The Seidel spectrum of G consists of the eigenvalues λ∗1 ≥ λ

∗

2 ≥ · · · ≥ λ
∗
n of its

(0,−1, 1) adjacency matrix A∗ = A∗(G) and is denoted by σ ∗(G). Let PG(λ) = |λI − A| and P∗G(λ) = |λI − A
∗
| denote the

characteristic polynomial and the Seidel characteristic polynomial, respectively. Let

PG(λ) =
n∑
k=0

akλn−k and PG(λ) =
n∑
k=0

akλn−k,

where G denotes the complement of G. We know that a0 = 1, a1 = 0, a2 = −e and a3 = −2∆, where e = e(G) and
∆ = ∆(G) is the number of edges and the number of triangles of the graph G.
Let Ak = [a(k)ij ] for any non-negative integer k. The numberWk of all walks of length k in G equals sum A

k, where sumM
is the sum of all elements in a matrix M . According to [1], the generating functionWG(t) of the numbersWk of length k in
the graph G is defined byWG(t) =

∑
+∞

k=0 Wkt
k. Besides [1],

WG(t) =
1
t

[
(−1)nPG

(
−
t+1
t

)
PG
( 1
t

) − 1

]
. (1)

Similarly, the functionW ∗G (t) =
∑
+∞

k=0 W
∗

k t
k is called the Seidel generating function [5], whereW ∗k = sum (A∗)k. Further,

we say that an eigenvalue µ of G is main if and only if 〈j, Pj〉 = n cos2 α > 0, where j is the main vector (with coordinates
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equal to 1) and P is the orthogonal projection of the space Rn onto the eigenspace EA(µ). The quantity β = | cosα| is called
the main angle of µ. SinceWk = 〈Amj, Ak−mj〉we find that

Wk = W1,mW1,k−m +W2,mW2,k−m + · · · +Wn,mWn,k−m, (2)

whereWi,k is the number of all walks of length k that starts from the vertex i. In particular, using (2) we obtain (i)W0 = n;
(ii)W1 =

∑n
i=1 di; (iii)W2 =

∑n
i=1 d

2
i and (iv)W3 =

∑
(i,j)∈E didj where di = di(G) denotes the degree of the vertex i in G

and E = E(G) is the edge set of G. Finally, using (1) we get

k∑
i=0

(−1)i
(
n− i
k− i

)
ai = ak +

k−1∑
i=0

ak−1−iWi, (3)

for any non-negative integer k. We say that µ∗ ∈ σ ∗(G) is the Seidel main eigenvalue if and only if 〈j, P∗j〉 = n cos2 γ > 0,
where P∗ is the orthogonal projection of the space Rn onto the eigenspace EA∗(µ

∗). The quantity β∗ = | cos γ | is called the
Seidel main angle of µ∗. Using the spectral decomposition of A∗, we find that

W ∗G

(
1
λ

)
=

n∗1λ
λ− µ∗1

+
n∗2λ

λ− µ∗2
+ · · · +

n∗kλ
λ− µ∗k

, (4)

where n∗i = n(β∗i )
2 and n∗1 + n

∗

2 + · · · + n
∗

k = n, understanding that β∗i is the Seidel main angle of µ
∗

i . Of course,
for any λ∗ ∈ σ ∗(G) we have −λ∗ ∈ σ ∗(G). Since EA∗(λ

∗) = EA∗(−λ
∗), we obtain that M∗(G) = −M∗(G), where

−M∗(G) = {λ∗ | −λ∗ ∈M∗(G)}. Therefore, according to (4), we get

W ∗G

(
1
λ

)
=

n∗1λ
λ+ µ∗1

+
n∗2λ

λ+ µ∗2
+ · · · +

n∗kλ
λ+ µ∗k

. (5)

Next, the Seidel spectrum of a graph G which is cospectral to its complement G is symmetric with respect to the zero
point. Since, in this case, W ∗G (t) = W

∗

G
(t) it follows that the Seidel main spectrum of G is also symmetric with respect to

the zero point. Consequently, according to (4) and (5), we note if µ∗
+
, µ∗
−
∈M∗(G) then n∗

+
= n∗

−
, where n∗

+
= n(β∗

+
)2 and

n∗
−
= n(β∗

−
)2 are related to µ∗

+
and µ∗

−
= −µ∗

+
, respectively.

Remark 1. LetM(G) be the set of all main eigenvalues of G. Then we have |M(G)| = |M(G)| and |M(G)| = |M∗(G)|, where
M∗(G) denotes the set of all Seidel main eigenvalues of G.

2. Some preliminary results

Let i be a fixed vertex from the vertex set V (G) = {1, 2, . . . , n} and let Gi = G r i be its corresponding vertex deleted
subgraph. Let Si denote the neighborhood of i, defined as the set of all vertices of G which are adjacent to i. Besides, let
∆i =

∑
j∈Si
dj.

Proposition 1 (Lepović [7]). Let G be a connected or disconnected graph of order n. Then, for any vertex deleted subgraph Gi we
have:

(10) ∆j(Gi) = ∆j(G)− di(G)− a
(2)
ij (G) if j ∈ Si;

(20) ∆j(Gi) = ∆j(G)− a
(2)
ij (G)

if j ∈ Ti = V (Gi) r Si.

We say that a regular graph G of order n and degree r ≥ 1 is strongly regular if there exist non-negative integers τ and
θ such that |Si ∩ Sj| = τ for any two adjacent vertices i and j, and |Si ∩ Sj| = θ for any two distinct non-adjacent vertices i
and j, understanding that G is not the complete graph Kn. We know that a regular connected graph is strongly regular if and
only if it has exactly three distinct eigenvalues [2].

Theorem 1 (Lepović [7]). A regular graph G of order n and degree r ≥ 1 is strongly regular if and only if its vertex deleted
subgraphs Gi have exactly two main eigenvalues for i = 1, 2, . . . , n.

Theorem 2 (Lepović [7]). Let G be a connected or disconnected strongly regular graph of order n and degree r. Then for any
vertex deleted subgraph Gi we have

µ1,2 =
τ − θ + r ±

√(
τ − θ − r

)2
− 4θ

2
,

where µ1 and µ2 are the main eigenvalues of Gi.
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