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of that word. We present exact bounds for the total palindrome complexity and construct
words which have any palindrome complexity between these bounds, for binary alphabets
as well as for alphabets with the cardinal greater than 2. Denoting by M, (n) the average
number of palindromes in all words of length n over an alphabet with q letters, we present
an upper bound for My(n) and prove that the limit of M, (n)/n is 0. A more elaborate
estimation leads to My(n) = 0(/n).
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1. Introduction and notations

Let an alphabet A with g > 1 letters be given. The free monoid A* generated by A is the set of all finite words on A. Let
w = ay...a, be a word; the integer n is the length of w and is denoted by |w|. The empty word is denoted by ¢ and its length
is 0. The word u = @;...a;, 1 < i < j < nis a factor (or subword) of w; if i = 1 it is called a prefix, and if j = n a suffix of
w. The reversal (or the mirror image) of w is denoted by w = a,...a;. A word which is equal to its mirror image is called a
palindrome.

For the g-letter alphabet A, let A" be the set of all words of length n over A. We denote by PAL,, the set of all factors in the
word w which are nonempty palindromes, and by PAL,,(n) = PAL,, N A" the set of the palindromes of length n contained
in w. The (infinite) set of all palindromes over the alphabet A is denoted by PAL4, while PAL4(n) = PAL, N A" is the set of all
palindromes of length n over the alphabet A.

The palindrome complexity function pal,, of a finite or infinite word w attaches to each n € N the number of palindrome
factors of length n in w, hence

pal,, (n) = #PAL, (n).

Palindromes in infinite words are widely studied. A nonexhaustive list of these papers contains [3,9,4,1,8,6] and [7]. In [2]
some properties related to the palindrome complexity of finite words are considered.
The total palindrome complexity of a finite word w € A* is equal to the number of all nonempty palindrome factors of w,
i.e.
|lw|

P(w) =Y pal,(n).
n=1

This is similar to the total complexity of words (see [12-15] for finite words, [ 11] for infinite words).
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If A is an alphabet with q letters, we define the average number M,(n) of palindromes contained in all words of length
n by
> P(w)
weAn
My(n) = -
In Section 2 we determine all the possible values of the total palindrome complexity in a constructive way. In Section 3
we show that lim,,_, ., My(n)/n = 0 and, moreover, My(n) = 0(n'/?).

2. Values of the total palindrome complexity

An upper bound for the total palindrome complexity was given in [10], which is one unit greater than in Proposition 1,
due to the fact that the empty palindrome was counted there too. We remind that we consider in P(w) only nonempty
palindromes. For the sake of completeness we give a direct proof of this result.

Proposition 1. The total palindrome complexity P(w) of any finite word w satisfies P(w) < |w]|.

Proof. We proceed by induction on the length n of the word w. For n = 1 we have P(w) = 1.

We consider n > 2 and suppose that the assertion holds for all words of length n — 1. Let w = ayqa; ... a, be a word of
length nand u = a;a; ... a,_ its prefix of length n — 1. By the induction hypothesis it is true that P(u) < n — 1.

If a, # a; foreachj € {1, 2,...n — 1}, the only palindrome in w which is not in u is a,, hence P(w) = P(u) + 1 < n.

If there is an index j, 1 < j < n — 1such thata, = g, then P(w) > P(u) if and only if w has suffixes which are
palindromes. Let us suppose that there are at least two such suffixes a;a; ;1 ... a, and @; 1 ¢Qiry1 ... ay, 1 < k < n—1i, which
are palindromes. It follows that

i = Uy = Qiyk
Qit1 = Upn—1 = Qitk+1

ap—k = Aitk = An,

hence a; ¢ ...a, = a;...a,_. The last palindrome appears in u (because k > 1) and has been already counted in P(u). It
follows that P(w) < P(u)+1<n. ®

This result shows that the total number of palindromes in a word cannot be larger than the length of that word. We
examine now if there are words which are ‘poor’ in palindromes. In the next lemma we construct finite words w,, of arbitrary
length n > 9, which contain precisely 8 palindromes. A general method to construct words whose palindrome factors are
contained in a prescribed finite set is given in [6].

Let us denote by w% the fractional power of the word w of length q [5,14], which is the prefix of length p of w?.

Lemma 1. If w, = (112122)5, n > 9, then P(w,) = 8.

Proof. In w, there are the following palindromes: 1, 2, 11, 22, 121,212, 1221, 2112. Because 121 and 212 are situated in w,
between 1 on the left and 2 on the right, these cannot be continued to obtain any palindromes. The same is true for 2112
and 1221, which are situated between 2 on the left and 1 on the right, excepting the cases when 2112 is a suffix. So, there
are no other palindromes in w,. MW

Remark 1. Ifu is a circular permutation of 112122 and n > 9 then P(u%) = 8 too. Because we can interchange 1 with 2, for
any n there will be at least 12 words of length n with total complexity equal to 8.

We shall give now, beside the upper delimitation from Proposition 1, lower bounds for the number of palindromes
contained in finite binary words. (In the trivial case of a 1-letter alphabet it is obvious that, for any word w, P(w) = |w|.)

Remark 2. It can be easily checked that for all the short binary words (up to |w| = 7), the palindrome complexity takes
always the maximal possible value given in Proposition 1; from the words with [w| = 8, only four (out of 28) have
P(w) = 7, namely 11221211, 11212211 and their complemented words.

Theorem 1. If w is a finite word of length n on a 2-letter alphabet, then P(w) = n for 1 <n <7;7 < P(w) <8 forn=38;
8 <P(w) <nforn=>09.

Proof. Up to 8 the statement follows from direct computation as pointed out in Remark 2. Any word w of length 9 has the
total palindrome complexity P(w) > 8.Indeed, adding a letter 1 or 2 before or after the palindromes of length 8 which have
complexity 7 (mentioned in Remark 2) also add a new palindrome. For n > 9, Lemma 1 gives words v, for which P(v,) = 8.
The maximal value is obtained for words of the forma", a€ A, neN. R

In the following lemmas we construct binary words which have a given total palindrome complexity greater than or
equal to 8.
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