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1. Introduction

Various problems on cycles are studied in graph theory. A classic one concerns the circumference of undirected graphs, in
relation with the Hamiltonian problem. The circumference of a graph G is the length of a longest cycle in G, denoted by c(G).
In this paper we study the more general notion of cyclability of graphs, i.e. we look for cycles containing as many prescribed
vertices as possible. The cyclability C(G) of a graph G is defined to be the largest integer m such that G has a cycle through
any m vertices. (Notice that C(G) = n = |V(G)| is the case of Hamilton cycles.)

The basic and classic results in the field are due to Dirac.

Theorem 1 ([3]). If Gis a 2-connected graph on n > 3 vertices with minimum degree §, then c(G) > min{n, 26}.

Theorem 2 ([2]). If G is a k-connected graph then it has a cycle through any k vertices, i.e. C(G) > k.

Flandrin et al. [4] have generalized Theorem 2 by limiting the connectivity condition of the graph into a connectivity
condition on a subset of vertices considered. Let G be an arbitrary graph and S C V(G) be a set of at least two vertices. S is
k-connected in G if any two vertices of S can not be separated in G by deleting at most k — 1 vertices.

Theorem 3 ([4]). If S is a k-connected subset of vertices in a graph G, then there is a cycle through any k vertices of S.

These theorems are sharp (see examples: the bipartite complete graphs K k). However, it turned out that if the graph
does not contain any claw, i.e. an induced subgraph isomorphic to Kj 3, then much stronger results can be proved. Let us
recall the two well-known equivalent conjectures due to Thomassen [8] and to Matthews and Sumner [7].
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Conjecture 1 ([8]). Every 4-connected line graph is Hamiltonian.

Conjecture 2 ([7]). Every 4-connected claw-free graph is Hamiltonian.

Li [6] proved the second conjecture for any 6-connected claw-free graph with at most 33 vertices of degree 6. On the other
hand, if you are interested in cyclability of the graph, Gy6ri and Plummer [5] proved that 3-connected claw-free graphs have
a cycle through any 9 vertices and this is the best possible.

In this paper, we further weaken the conditions and assume only K; 4-freeness instead of claw-freeness. We also limit
the connectivity condition on subsets of vertices considered. Our main theorem is as follows:

Theorem 4. Let G be a K, 4-free graph and S be a k-connected subset of vertices in G with k > 3 and |S| < 2k. Then there exists
a cycle containing S.

Corollary 5. Let G be a k-connected Ky 4-free graph, k > 3, then C(G) > 2k.

Consider the graph K; 3 and let S be the vertices in the three vertex partite. Then S is 2-connected and there is no cycle
containing S. Therefore the condition k > 3 is necessary in Theorem 4 and Corollary 5. We think that the bound 2k is not
sharp. But the Peterson graph shows that this bound is not larger than 3k.

2. Proof of Theorem 4

We first give some useful definitions and notations.

All the graphs considered in this paper are undirected and simple. We use the notation and terminology in [1]

Given a graph Gand S C V(G), the vertices of the subset S are called S-vertices.

IfC = cicy...cpcq is a cycle, we let Clc;, ¢j] be the subpath ciciyq...¢j, and E[cj, ¢l = c¢jcj—1...c, where the
indices are taken modulo p. We will consider Clc;, ¢;] and E[cj, ¢i] both as paths and as vertex-sets. Define C(c;, ¢j] =
Clcit1, Gl, Clci, ¢) = Clci, ¢i—1] and C(c;, ¢j) = C[Cit1, ¢i—1]. For any i, we put c,-Jr = Ci+1, ¢ = Ci—1,and foranyj > 2,
¢ =cyjandc? = ¢_j.ForA C C,wesetA™ = {vt|v € A},A~ = {v"|v € A}, foranyj > 2, A% = {vH|v € A} and
A7 = {v7|v € A}). We use similar definitions for a path.

We now give the proof of Theorem 4.

Let C = ¢1C2¢3. .. ¢p¢q be a cycle in G such that

(a) |SNC]|is as large as possible and
(b) subject to (a), C is as long as possible.

By Theorem 3, we may assume that [SNV(C)| > k.1t is proved in [4] and an easy consequence of Menger’s Theorem that
if S is k-connected then there are k paths between any vertex x and any k vertices in S — {x}, such that the paths are vertex
disjoint except at x.

Let w be a vertex in S — C and R the connected component in G — V(C) containing w. S is k-connected and hence there
are h, h > k, internally disjoint paths H;[w, x;], 1 < i < h, between w and h distinct vertices x1, x, ..., x, € V(C). Notice
that we assume for every i, 1 < i < h, Hi[w, ;]| C = {x;}. Let X = {x1, X2, ..., x}. The vertices in X divide the cycle C
into h segments C(x;, Xi+1), 1 <i < hwithxp11 = x;.

It follows that every segment C(x;, X;+1), 1 < i < h, contains at least one vertex in S, since if C(x;, xi1-1) NS = &, the new
cycle C[xi11, x;JH;[X;, w]H;11(w, Xi+1] contradicts (a). If |C(x;, ;1) NS| > 2forall 1 <i < h, then |C N S| > 2k and we are
done. So there exists some segment containing exactly one S-vertex. Let Y = {C(x;, x;+1) : 1 <i < h, |C(x;, Xi11) N S| = 1}
andI ={i:1<i<h,C(X,xy1) € Y}.ForanyiinI, puty; = C(x;, Xiy1) (S andlet YO = {y; : i € I}.

We will use the following lemma and claims:

Lemma 1. Let G be a graph, M = {uq, Uy, ... ..., ux} C V(G) and v, X1, x5 three distinct vertices with v ¢ M. Suppose that
there are two internally disjoint paths Q;[v, x;], 1 < j < 2 from v to x; and x, and there are k internally disjoint paths T;[v, u;],
1 < i < k. Then there are k paths Pi[v, wi], 1 < i < k from v to k distinct vertices {w; : 1 < i < k} € M J{x1, x2}, with
w1 = x and wy = x,, such that UL, VPilv, wil) € Uiy V(Tilv, uil)) Ui, V(Qlv, x1)) and the paths P[v, w],
1 <i < k, are internally disjoint.

Proof of Lemma 1. If one of x; and x,, say x; € {u; : 1 < i < k}, denote by a the last vertex in Q;[v, x{] that is also in
U]k:1 Ti[v, u;], say a € Ti[v, ux] we put Z1[v, x1] = T[v, a)Qq[a, x1]. Then we get k disjoint (except at v) paths T;[v, u;],
1 <i<k—1andZ[v, x1] = Ti[v, a)Q1[a, x1] with the property thatu; € M, 1 <j <k —1andZ; hasone end in {x1, x»}.
Without loss of generality we assume that |Ti[v, a]| is as small as possible.

If Qy (v, %21 N (U Ti(w, ul) UZi (v, x4]) = @, then Pi[v, wi] := Tilv, i, 1 < i < k — 2, Pe_1[v, w11 == Zi[v, 1]
and Pi[v, wi] := Qy[v, x] satisfy our lemma.
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