Discrete Mathematics 310 (2010) 2389-2397

Contents lists available at ScienceDirect

Discrete Mathematics

journal homepage: www.elsevier.com/locate/disc

Clonal sets in GF (q)-representable matroids

Talmage J. Reid ?, Jakayla Robbins®, Haidong Wu?, Xianggian Zhou ©*

2 Department of Mathematics, The University of Mississippi, University, MS 38677, United States
b Department of Mathematics, University of Kentucky, Lexington, KY 40506, United States
¢ Department of Mathematics and Statistics, Wright State University, Dayton, OH 45435, United States

ARTICLE INFO ABSTRACT

Article history: Whittle [12] conjectured that if M is a 3-connected quaternary matroid with a clonal
Received 18 November 2009 pair {e,f}, then M \ e, f and M/e, f are both binary. In this paper we show that for
Rece“’e;‘m revised form 14 May 2010 q € {4,5,7,8,9}if M is a 3-connected GF (q)-representable matroid with a clonal set X of
Accepted 17 May 2010 size q — 2, then M \ X and M /X are binary.

Available online 16 june 2010 © 2010 Elsevier B.V. All rights reserved.

Keywords:

Clones

GF(q)-representable matroids
3-connected

1. Introduction

Our notation and terminology will generally follow Oxley [6] with one exception: we use si(M) and co(M) to denote the
simplification and cosimplification of a matroid M, respectively.

One of the most interesting research problems in matroid theory is to find a way to determine whether a given matroid
is representable over a fixed finite field. Tutte [10] proved a matroid is binary if and only if it does not contain a minor
isomorphic to U, 4. More generally, Rota [8] conjectured that for any finite field F, there are only finitely many minor-
minimal non-F-representable matroids. Rota’s conjecture has been shown to be true for all fields F with |F| < 4. The next
result is due to Geelen, Gerards, and Kapoor [3].

Theorem 1.1. A matroid M is GF (4)-representable if and only if it does not contain a minor isomorphic to any of Uy g, Use, 7,
(F;)*, P, Pg, and Pé/.

Two elements are clones if the map that interchanges the two elements and fixes all other elements is an automorphism
of the matroid. Clones have recently become an important subject in the study of the representability of matroids over finite
fields [2,4]. It is clear that for any field F, the class of F-representable matroids is closed under direct sums and 2-sums.
Therefore, we may focus only on 3-connected matroids when we study the F-representability. In the case that M has a
clonal pair, the next result [2] provides a simpler alternative to Theorem 1.1.

Theorem 1.2. Let M be a 3-connected matroid with a clonal pair X. If M is not GF (4)-representable, then M has a minor using
X that is isomorphic to one of Uy, Us ¢, and Pe.

Theorem 1.2 characterizes 3-connected non-GF (4)-representable matroids with a clonal pair. For 3-connected GF (4)-
representable matroids, Whittle [12] conjectured the following.
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Fig. 1. The matroid L_]3.7.

Conjecture 1.3. If M is a 3-connected GF (4)-representable matroid with a clonal pair X, then M \ X is binary.

Conjecture 1.3, if true, would reduce the problem of proving some particular matroid is non-GF (4)-representable to a
problem of proving a related matroid is not binary.

Theorem 1.4. Let M be a 3-connected matroid with a clonal pair {e, f}. Then

(1) If M \ e, f is non-binary, then M has a U, g-minor using {e, f}.
(2) If M/e, f is non-binary, then M has a Uy g-minor using {e, f}.

Since the matroid U, g is not GF (4)-representable, Whittle’s conjecture is an immediate consequence of Theorem 1.4. We
now study GF (q)-representable matroids that have a clonal set of size g — 2. We conjecture the following.

Conjecture 1.5. Let M be a 3-connected GF (q)-representable matroid with a clonal set of size ¢ — 2. Then M \ X and M /X are
both binary.

Let U, x be the matroid obtained from the uniform matroid U, 4 by freely adding two points on a line. Fig. 1 shows a
geometric representation of the matroid Us ;.

Theorem 1.6. Conjecture 1.5 holds if and only if each of the matroids L_Jr,q, 2 <r < |q/2] is not GF(q)-representable.

Now to solve Conjecture 1.5, we need to study the representability of the matroids L_]r,q, 2 <r < |q/2]. This problem is
probably in the same difficulty level as the problem on studying the representability of uniform matroids. Nevertheless, we
can solve some of the cases when the rank is small. As a consequence, we obtain the following result.

Theorem 1.7. For q € {4,5,7,8, 9}, if M is a 3-connected GF (q)-representable matroid with a clonal set X of size ¢ — 2, then
both M \ X and M /X are binary.

The paper is organized as follows: Section 2 contains some preliminary lemmas on connectivity and clones that will be
use in later sections; we present the proof of Theorem 1.4 in Section 3; the proofs of Theorems 1.6 and 1.7 are presented in
Section 4.

2. Preliminaries

Let M = (E, r) be a matroid where r is the rank function. The connectivity function of M, denoted by Ay, is defined
as Ay(A) = r(A) + r(E — A) — r(M). Then A is k-separating if and only if Ay (A) < k — 1. It is easily verified that
A(A) = r(A) + r*(A) — |A|. The coclosure of a set X C E(M), denoted by cl*(X), is the closure of X in M*. We omit
the proof of the next lemma which is straightforward.

Lemma 2.1. Let M be a matroid and let (A, {x}, B) be a partition of E(M). Then x € cI*(A) if and only if x & cl(B).

Let (A, B) be a k-separation of the matroid M. We call (A, B) a minimal k-separation if either |A| = k or |B| = k. We call
(A, B) an exact k-separation or A is exactly k-separating if Ay (A) = k — 1. An element x € E(M) is in the guts of (A, B) if x
belongs to the closure of both A and B. Dually, x is in the coguts of (A, B) if x belongs to the coclosure of both A and B. The
next lemma follows easily from the definitions.

Lemma 2.2. Let (A, B) be an exact k-separation of matroid M and let x € B. Then

e AU {x} is exactly k-separating if x belongs to either the guts or the coguts of (A, B), but not both.
o AU {x}is exactly (k — 1)-separating if x belongs to both the guts and the coguts of (A, B).
e AU {x}isexactly (k 4+ 1)-separating if x belongs to neither the guts nor the coguts of (A, B).

Suppose x is an element of the matroid M and let (A, B) be a k-separation of M \ x. Then x blocks (A, B) if neither (AU{x}, B)
nor (A, BU {x}) is a k-separation of M. Now let (A, B) be a k-separation of M /x. Then x coblocks (A, B) if neither (A U {x}, B)
nor (A, BU {x}) is a k-separation of M. The following lemma also follows easily from definitions.
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