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a b s t r a c t

In this paper we study [3, 1, 6]-cycle-regular graphs, a subclass of the cycle-regular graphs
introduced by M. Mollard. These graphs are a generalization of (0, λ)-graphs introduced by
H.M. Mulder. Amongst other we obtain a characterization of the subgraph induced by the
two middle levels of a hypercube.

© 2008 Elsevier B.V. All rights reserved.

1. Introduction

Unless specified otherwise, all graphs in this paper are finite, simple, undirected and connected. A graph G [4] will have
a vertex set V (G) and an edge set E(G). In the sequel, we always write V (resp. E) instead of V (G) (resp. E(G)), except in
the case where two or more graphs are considered. Thus, we simply write G = (V , E). The order of G is the number of its
vertices. The graph on n pairwise adjacent vertices is denoted by Kn. The neighbourhood of a vertex u ∈ V will be denoted by
N(u). The degree of a vertex u of G and theminimum degree of vertices of Gwill be denoted by d(u) and δ(G), respectively. A
bipartite graph is semiregular if the vertices in the same part of the bipartition have the same degree.
In this paper, an elementary path Pµ+1 (also called a (u0, uµ)-path) of lengthµ (in G) is a sequence u0, . . . , uµ of pairwise

distinct vertices except possibly u0 and uµ, where uiui+1 ∈ E for i = 0, . . . , µ − 1. An elementary cycle of length µ (in
G) is a (u0, uµ)-path with u0 = uµ and is called a µ-cycle. Both a (u0, uµ)-path and a µ-cycle are induced if any two non-
consecutive vertices are not adjacent. The girth of a graph G is the length of the shortest cycle in G. A (u0, uµ)-path belongs
to an elementary cycle v0, . . . , vν−1, v0 if µ ≤ ν and ui = vi for some 0 ≤ i ≤ ν − 1.
The distance between two vertices u and v in G is the length of the shortest (u, v)-path and is denoted by d(u, v). The

diameter of the graph G is diam(G) = max{d(u, v) : u, v ∈ V }. For any vertex u ∈ V , we denote by Ni(u) = {v ∈
V : d(u, v) = i}. For a given u ∈ V and a positive integer n such that n = maxv∈V d(u, v), the partition of V into
{Ni(u) : i = 0, . . . , n} is a level decomposition of G from u. The set Ni(u) is called the ith level. In this paper we are mostly
interested in some specific level decomposition, where the vertex in the bottom level is not of interest. Then we will write
Ni for the ith level. In such a decomposition, edges connect vertices in consecutive levels or in the same level. Given u ∈ V
and a level decomposition {Ni : i = 0, . . . , n} from u, we define for v ∈ Ni the number d−(v) = |N(v) ∩ Ni−1| (resp.
d+(v) = |N(v) ∩ Ni+1|).
The Categorical product G× H of two graphs G and H has a vertex-set V (G× H) = V (G)× V (H) and two vertices (u, v),

(u′, v′) in G× H are adjacent if and only if uu′ ∈ E(G) and vv′ ∈ E(H).
The hypercube Qn has V = {A : A ⊆ {1, 2, . . . , n}} as a vertex-set and two vertices A and B are adjacent if and only if

|A∆B| = |(A \ B) ∪ (B \ A)| = 1. Qn is regular of degree n and has diameter n (Fig. 1).
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The subgraph of Qn induced by two consecutive levels Nk−1 and Nk and denoted by Lkn is semiregular of degrees n− k+ 1

and k, and it has order
(
n
k

)
+

(
n
k− 1

)
. In particular, the subgraph induced by the two middle levels Nk−1 and Nk of Q2k−1 and

denoted by Lk2k−1 or more frequently Hk [1–3,5] is regular of degree k. For k = 3, we obtain the Desargues graph H3 (Fig. 2).
The Odd graph On has the set {A : A ⊆ {1, 2, . . . , 2n − 1}; |A| = n − 1} as a vertex-set and two vertices are adjacent if

their corresponding subsets are disjoint. The odd graph On is regular of degree n and is of girth six for n ≥ 4 (Fig. 3).

2. Preliminary results about the cycle-regular graphs

Mulder [10,11] introduced (0, λ)-graphs for which each two distinct vertices have either 0 or λ common neighbours.
Furthermore, he proved that maximum (0, λ)-graphs are hypercubes. One way of generalizing this concept is to consider
cycle-regular graphs which have some regularity properties and whose maximum graph for particular cases is related to
hypercubes.

Definition 1 (Mollard [9]). A graph G = (V , E) of girth at least µ (µ ≥ 2) is a [µ, λ]-cycle-regular graph (λ ≥ 1) if there
is a non-empty subset C of elementary cycles in G such that every path Pµ+1 in G belongs to exactly λ cycles in C . In the
particular case when C is the set of elementary cycles of a given length η (η ≥ 2µ), we say that G is a [µ, λ, η]-cycle-regular
graph (also called a cycle-regular graph).

We can say now that the (0, λ)-graphs are the [2, λ− 1, 4]-cycle-regular graphs. Our study focuses on the [3, 1, 6]-cycle-
regular graphs, like the odd graphs On (n > 2). The [3, 1, 6]-cycle-regular graphs are triangle-free, since the triangle cannot
belong to an elementary cycle of length greater than three. So for any vertex u, the set N(u) is stable. In this class, we can
also consider the subgraph Lkn.
Mulder [10] and Laborde and Rao Hebbare [6] showed separately that for a given degree and among all the [2, 1, 4]-

cycle-regular graphs, the hypercube is of maximum order. On the other hand, Mollard [7] showed that for a given degree,
the hypercube is of maximum diameter among these graphs. Furthermore for a given degree n, he showed that Hn is of
maximum order among the [3, 1, 6]-cycle-regular graphs [9]. In this paper, we give some new characterizations of Hn in the
class of graphs which are [3, 1, 6]-cycle-regular graphs. Moreover, we give other properties of [3, 1, 6]-cycle-regular graphs.

Proposition 1 (Mollard [9]). If G = (V , E) is a [µ, λ]-cycle-regular graph of minimal degree δ(G) ≥ 3, then G is regular or
semi-regular.

3. [3, 1, 6]-Cycle-Regular Graphs

Mollard [9] gave an upper bound for the order of a [3, 1, 6]-cycle-regular graph of a given degree. Moreover, he gave a
characterization of the subgraph Hn.

Proposition 2 (Mollard [9]). Let G = (V , E) be a [3, 1, 6]-cycle-regular graph of maximum degree n. Then

(1) |V | ≤
(
2n
n

)
,

(2) |V | =
(
2n
n

)
if and only if G is Hn.

To establish the proof of Proposition 2, Mollard used Propositions 3 and 4.

Proposition 3 (Mollard [9]). Let G = (V , E) be a [3, 1, 6]-cycle-regular graph and for an arbitrary level decomposition
{N0,N1, . . . ,Np} of G, let u ∈ Ni. Then d−(u) ≥ d i2e.

By Proposition 3, Mollard [9] deduced that the diameter of a [3, 1, 6]-cycle-regular graph is at most 2n − 1 for a given
maximum degree n.

Proposition 4 (Mollard [9]). Let G = (V , E) be a [3, 1, 6]-cycle-regular graph of maximum degree n and {N0,N1, . . . ,Np} be
a level decomposition from a vertex of degree n. Then for k = 0, . . . , n− 2,

|N2k+1| ≤
n
k+ 1

((
n− 1
k

))2
and |N2k+2| ≤

n(n− k− 1)
(k+ 1)2

((
n− 1
k

))2
.

For a given maximum degree, we show that Hn is of maximum diameter among the [3, 1, 6]-cycle-regular graphs.

Theorem 1. Let G = (V , E) be a [3, 1, 6]-cycle-regular graph of maximum degree n ≥ 2. Then

(1) diam(G) ≤ 2n− 1,
(2) diam(G) = 2n− 1 if and only if G is Hn.
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