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A technique to study the correlation measures of binary sequences
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Abstract

Let E N
= (e1, e2, . . . , eN ) be a binary sequence with ei ∈ {+1,−1}. For 2 ≤ k ≤ N , the correlation measure of order k of

the sequence is defined by Mauduit and Sárközy as

Ck(E
N ) = max

M,d1,...,dk

∣∣∣∣∣ M∑
n=1

en+d1 en+d2 . . . en+dk

∣∣∣∣∣
where the maximum is taken over all M ≥ 1 and 0 ≤ d1 < d2 < . . . < dk such that M + dk ≤ N . These measures have been
extensively studied over the last decade. Several inequalities for these measures (that hold for all E N for all large enough N ) have
been proved, and others conjectured. Further, these measures have been estimated for various special sequences E N .

Fix M ≥ 1 and L ≥ 1. For 1 ≤ a ≤ L , let E M
[a] = (e1[a], . . . , eM [a]) be a binary sequence with ei [a] ∈ {+1,−1}. For

2 ≤ k ≤ L we define the correlation measure of order k of the family of sequences E M
[1 : L] = {E M

[1], . . . , E M
[L]} as

Ck(E
M
[1 : L]) = max

1≤a1<a2<···<ak≤L

∣∣∣∣∣ M∑
i=1

ei [a1]ei [a2] . . . ei [ak ]

∣∣∣∣∣ .
We use these new correlation measures as a vehicle to study the correlation measures introduced by Mauduit and Sárközy.

Alon, Kohayakawa, Mauduit, Moreira, and Rödl recently proved that for each k ≥ 1 there is an absolute constant c2k > 0 such
that C2k(E

N ) ≥ c2k
√

N for all E N for all large enough N . thus answering a question of Cassaigne, Mauduit, and Sárközy (in
stronger form than an earlier result of Kohayakawa, Mauduit, Moreira, and Rödl). We prove a lower bound on the even correlation
measures C2k(E

M
[1 : L]) when L > k(2k − 1)M and use it to provide an alternate proof of this result. The constant c2k in our

proof is better than that of Alon, Kohayakawa, Mauduit, Moreira, and Rödl for k = 1, but poorer for all k ≥ 2.
We study C3(E

N ) via C3(E
M
[1 : L]). This allows us to strengthen a recent result of Gyarmati which relates C3(E

N ) and
C2(E

N ). We prove that given any κ > 0 there is an associated c > 0 (depending only on κ) such that, for all sufficiently large N ,
if C2(E

N ) ≤ κN 2/3 we have C3(E
N ) ≥ c

√
N . This also answers a question of Gyarmati.

Finally, the study of C3(E
M
[1 : L]) allows us to verify a conjecture of Mauduit. We prove that there is an absolute constant

c > 0 such that C2(E
N )C3(E

N ) ≥ cN for all E N for all large enough N .
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1. Discussion

Let E N
= (e1, e2, . . . , eN ) be a binary sequence with ei ∈ {+1,−1}. For 2 ≤ k ≤ N , the correlation measure of

order k of the sequence is defined by Mauduit and Sárközy [7] as

Ck(E
N ) = max

M,d1,...,dk

∣∣∣∣∣ M∑
n=1

en+d1en+d2 . . . en+dk

∣∣∣∣∣
where the maximum is taken over all M ≥ 1 and 0 ≤ d1 < d2 < . . . < dk such that M + dk ≤ N . In this paper we
develop a simple technique for proving some lower bounds on and relations between these correlation measures.

Fix 1 ≤ M ≤ N and 1 ≤ L ≤ N−M+1. For 1 ≤ a ≤ L define the binary sequence E M
[a] = (e1[a], . . . , eM [a])

by setting

ei [a] = ea+i−1. (1)

For 2 ≤ k ≤ L and 1 ≤ a1 < a2 < . . . < ak ≤ L observe that

ei [a1]ei [a2] . . . ei [ak] = ea1+i−1ea2+i−1 . . . eak+i−1.

Thus

Ck(E
N ) ≥

∣∣∣∣∣ M∑
i=1

ei [a1]ei [a2] . . . ei [ak]

∣∣∣∣∣ .
This motivates us to make the following definition. For arbitrary M ≥ 1 and L ≥ 1, for 1 ≤ a ≤ L , let

E M
[a] = (e1[a], . . . , eM [a]) be an arbitrary binary sequence with ei [a] ∈ {+1,−1}. Then, for 2 ≤ k ≤ L we

define the correlation measure of order k of the family of sequences E M
[1 : L] = {E M

[1], . . . , E M
[L]} as

Ck(E
M
[1 : L]) = max

1≤a1<a2<...<ak≤L

∣∣∣∣∣ M∑
i=1

ei [a1]ei [a2] . . . ei [ak]

∣∣∣∣∣ .
We thus have

Ck(E
N ) ≥ Ck(E

M
[1 : L]) (2)

for any 1 ≤ M ≤ N and k ≤ L ≤ N − M + 1, when E M
[1 : L] is constructed from E N as in Eq. (1). Hence, finding

estimates on and relations between the correlation measures of the type Ck(E M
[1 : L]) for arbitrary E M

[1 : L] will
yield corresponding results for the correlation measures Ck(E N ) of Mauduit and Sárközy.

It should be mentioned that other notions of pseudorandomness for families of binary sequences have been
introduced by Ahlswede, Khachatrian, Mauduit, and Sárközy [1].

In the following, we will occasionally use the notation f (E N )� g(N ) where f (E N ) is a nonnegative function of
correlation measures of E N and g(N ) is a nonnegative function. This should be understood to mean that there is an
absolute constant c > 0 such that f (E N ) ≥ cg(N ) for all E N for all sufficiently large N .

2. Proof of C2k(E N)�
√

N

We will first illustrate the power of the viewpoint provided by the newly defined correlation measures by giving an
elementary proof that for each k ≥ 1 there is an absolute constant c2k > 0 with C2k(E N ) ≥ c2k

√
N for all E N for

all large enough N . As mentioned in the abstract, this result is not new. It was conjectured by Cassaigne, Mauduit,
and Sárkozy [3] (see Problem 2 on pg. 107 and the discussion on pp. 109–110 of [3]) that for some absolute constants
d > 0 and c > 0 we have C2(E N ) ≥ cN d for all E N for all large enough N . Recently, Alon, Kohayakawa, Mauduit,

Moreira, and Rödl [2] proved that C2k(E N ) ≥

√
1
2b

N
2k+1c for all E N for 1 ≤ k ≤ b N

2 c, thus answering the question
of [3] in stronger form than an earlier result of Kohayakawa, Mauduit, Moreira, and Rödl [5].

We get a better constant for k = 1 than that of [2], but poorer constants for all k ≥ 2. In general we have
not concerned ourselves with optimizing constants. It should be noted that our proof is elementary and the result is
broader in that it also yields, for all L > k(2k − 1)M , lower bounds on C2k(E M

[1 : L]) that apply for all E M
[1 : L].
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