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Abstract

In this paper we study the elementary properties of double graphs, i.e. of graphs which are the direct product of a simple graph
G with the graph obtained by the complete graph K2 adding a loop to each vertex.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction

In [18] it was observed that the binary strings of length n + 1 without zigzags, i.e. without 010 and 101 as factors,
can be reduced to the Fibonacci strings, i.e. binary strings without two consecutive 1’s, of length n. The set of Fibonacci
strings can be endowed with a graph structure saying that two strings are adjacent when they differ exactly in one
position. The graphs obtained in this way are called Fibonacci cubes [12] and have been studied in several recent
papers. We wondered if the set of all binary strings without zigzags could be endowed with some graph structure
related in some way with Fibonacci cubes. One interesting such graph structure is the one induced by the graph
structure of Fibonacci strings, that is the one obtained defining the adjacency saying that two binary strings without
zigzags are adjacent if and only if the corresponding Fibonacci strings are adjacent as vertices of the Fibonacci cube.
The resulting graph can be build up taking two distinct copies of the Fibonacci cube �n and joining every vertex v

in one component to every vertex w′ in the other component corresponding to a vertex w adjacent to v in the first
component. At this point it was straightforward to observe that this is a general construction which can be performed
on every simple graph. We called double graphs all the graphs which can be obtained in such a way. Since the class of
double graphs with this construction turned out to have several interesting properties, we decided to write this paper as
an elementary introduction to such graphs that perhaps deserve to be better known.

� Work partially supported by MIUR (Ministero dell’Istruzione, dell’Università e della Ricerca).
E-mail addresses: emanuele.munarini@polimi.it (E. Munarini), claudio.perelli_cippo@polimi.it (C.P. Cippo), andrea.scagliola@mate.polimi.it

(A. Scagliola), norma.zagaglia@polimi.it (N.Z. Salvi).

0012-365X/$ - see front matter © 2007 Elsevier B.V. All rights reserved.
doi:10.1016/j.disc.2006.11.038

http://www.elsevier.com/locate/disc
mailto:emanuele.munarini@polimi.it
mailto:claudio.perelliprotect LY1	extunderscore cippo@polimi.it
mailto:andrea.scagliola@mate.polimi.it
mailto:norma.zagaglia@polimi.it


E. Munarini et al. / Discrete Mathematics 308 (2008) 242–254 243

2. Definitions

In this paper we will consider only finite simple graphs (i.e. without loops and multiple edges). As usual V (G)

and E(G) denote the set of vertices and edges of G, respectively, and adj denote the adjacency relation of G. For all
definitions not given here see [1,5,9,13,17].

The direct product of two graphs G and H is the graph G×H with V (G×H)=V (G)×V (H) and with adjacency
defined by (v1, w1) adj (v2, w2) if and only if v1 adj v2 in G and w1 adj w2 in H .

The total graph Tn on n vertices is the graph associated to the total relation (where every vertex is adjacent to every
vertex). It can be obtained from the complete graph Kn by adding a loop to every vertex. In [13] it is denoted by Ks

n.
We define the double of a simple graph G as the graph D[G] = G × T2. Since the direct product of a simple graph

with any graph is always a simple graph, it follows that the double of a simple graph is still a simple graph.
In D[G] we have (v, h) adj(w, k) if and only if v adj w in G. Then, if V (T2) = {0, 1}, we have that G0 = {(v, 0) :

v ∈ V (G)} and G1 = {(v, 1) : v ∈ V (G)} are two subgraphs of D[G] both isomorphic to G such that G0 ∩ G1 = ∅
and G0 ∪ G1 is a spanning subgraph of D[G]. Moreover we have an edge between (v, 0) and (w, 1) and similarly we
have an edge between (v, 1) and (w, 0) whenever v adj w in G. We will call {G0, G1} the canonical decomposition of
D[G]. See Fig. 1 for some examples.

From the above observations it follows that if G has n vertices and m edges then D[G] has 2n vertices and 4m edges.
In particular degD[G](v, k) = 2 degG(v).

The lexicographic product (or composition) of two graphs G and H is the graph G◦H with V (G)×V (H) as vertex
set and with adjacency defined by (v1, w1) adj(v2, w2) if and only if v1 = v2 and w1 adj w2 in H or v1 adj v2 in G. The
graph G ◦ H can be obtained from G substituting to each vertex v of G a copy Hv of H and joining every vertex of
Hv with every vertex of Hw whenever v and w are adjacent in G [13, p. 185].

Lemma 1. For any graph G we have G × Tn = G ◦ Nn, where Nn is the graph on n vertices without edges.

Proof. For simplicity consider Tn and Nn on the same vertex set. Then the function f : G × Tn → G ◦ Nn, defined
by f (v, k) = (v, k) for every (v, k) ∈ V (G × Tn), is a graph isomorphism. Indeed, since Nn has no edges, we have
that (v, h) adj (w, k) in G ◦ Nn if and only if v adj w in G. �

From Lemma 1 it immediately follows that:

Proposition 2. For any graph G on n vertices, D[G] = G ◦ N2 and D[G] is n-partite (Fig. 2).

We will write D2[G] for the double of the double of G. More generally we will have the graphs Dk[G]=G×T2k =
G ◦ N2k , for every k ∈ N.

The given definition of double graph can be generalized considering the operator Dk defined by Dk[G] = G × Tk

for every simple graph G. For Lemma 1 it is also Dk[G] = G ◦ Nk for every simple graph G. Moreover the powers of

Fig. 1. (a) A path and its double, (b) a cycle and its double.
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