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Abstract

Given non-negative integers r, s, and ¢, an [r, s, t]-coloring of a graph G = (V(G), E(G)) is a mapping c from V(G) U E(G) to
the colorset {0, 1, ..., k—1},k € N, such that |c(v;) — c(vj)| > r for every two adjacent vertices v;, vj, lc(e;) — c(ej)| > s for every
two adjacent edges ¢;, e, and |c(v;) — c(e;)| >1 for all pairs of incident vertices and edges, respectively. The [r, s, t]-chromatic
number ¥, ¢ ;(G) of G is defined to be the minimum k such that G admits an [r, s, t]-coloring.

We characterize the properties O(r, s,t,k) ={G : 1, ;(G) <k} for k =1,2,3 as well as for k >3 and max{r, s, t} = 1 using
well-known hereditary properties. The main results for k >3 are summarized in a diagram.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

Given non-negative integers r, s, and ¢ with max{r, s, t} > 1, an [r, s, t]-coloring of a finite and simple graph G with
vertex set V(G) and edge set E(G) is a mapping ¢ from V(G) U E(G) to the color set {0, 1,...,k — 1}, k € N,
such that |c(v;) — c(vj)| >r for every two adjacent vertices v;, v;, |c(e;) — c(ej)| =s for every two adjacent edges
ei,ej, and |c(v,~) —c(e j)| >t for all pairs of incident vertices and edges, respectively. The [r, s, t]-chromatic number
r.s.1 (G) of G is defined to be the minimum k such that G admits an [r, s, t]-coloring.

This is an obvious generalization of the classical graph colorings since a [1, 0, 0]-coloring is an ordinary vertex
coloring, a [0, 1, 0]-coloring is an edge coloring, and a [1, 1, 1]-coloring is a total coloring. First results on this kind of
graph coloring can be found in [8].

Let .# be the set of all finite, simple graphs. A graph property 2 is any isomorphism-closed subclass of .#. A property
2 is called additive if G U H € 2 whenever G € # and H € 2. A property 2 is called hereditary if G € 2 and
H C G imply H € Z. Analogously, a property £ is called induced hereditary if for a graph G with the property £ all
of its induced subgraphs have the property £. For surveys of hereditary properties of graphs see, e.g., [3,4,11].

Every hereditary property 2 is determined by the set of minimal forbidden subgraphs F(?)={G € 2: every proper
subgraph of G is in 2}.
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Fig. 1. Properties ((r, 5, 1, k) with max{r, s, 1} <1 (g = O(1, 0, 1, k), m = O(1, 1,0,k), e = 00, 1, 1,k), g = O(1, 1, 1 k), tf = 1 N Iy,
0=0,1=.9).

In this paper we investigate the properties O(r, s, t, k) ={G € .J : y, . ,(G) <k} and the sets F'(O(r, s, 1, k)) ={G €
I 4 50(G)Zk + 1and y, ; (H) <k for all proper subgraphs H C G} (Fig. 1).

Since y,. ;. ,(H) <y, ,,(G) if H is a subgraph of G, properties ()(r, s, t, k) are hereditary and induced hereditary and
since 7, ; (C;) <k for all components C; of G implies ;. ; ,(G) <k, O(r, s, 1, k) are also additive properties.
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