Available online at www.sciencedirect.com

A ; DISCRETE
.~ ScienceDirect MATHEMATICS

g oL
ELSEVIER Discrete Mathematics 306 (2006) 2943-2953

www.elsevier.com/locate/disc

Distance irredundance and connected domination numbers
of a graph™

Jun-Ming Xu®*, Fang Tian®", Jia Huang?

ADepartment of Mathematics, University of Science and Technology of China, Hefei 230026, China
bDepartment of Applied Mathematics, Shanghai University of Finance and Economics, Shanghai 200433, China

Received 13 May 2004; received in revised form 28 February 2006; accepted 22 March 2006
Available online 4 August 2006

Abstract

Let kbe a positive integer and G be a connected graph. This paper considers the relations among four graph theoretical parameters:
the k-domination number y; (G), the connected k-domination number yi(G); the k-independent domination number y}((G) and the
k-irredundance number iry (G). The authors prove that if an ir-set X is a k-independent set of G, then irg(G) = 7, (G) = y}{(G),
and that for £ >2, v]C((G) =1ifirp(G) =1, yz(G)é max{(2k + 1)iry(G) — 2k, %irk(G)k — %k + 2} if irp(G) is odd, and

yi(G) < %irk(G)k — 3k 4+ 2 if ir(G) is even, which generalize some known results.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

For terminology and notation on graph theory not given here, the reader is referred to [5] or [15]. Let G = (V, E)
be a finite simple graph with vertex set V = V(G) and edge set £ = E(G). For S € V(G), G[S] denotes the
subgraph of G induced by S. The distance dg (x, y) between two vertices x and y is the length of a shortest xy-path
in G. Let k be a positive integer. For every vertex x € V(G), the open k-neighborhood Ny (x) of x is defined as
Nie(x) ={y € V(G) : dg(x,y)<k,x # y}. The closed k-neighborhood Ni[x] of x in G is defined as Ni(x) U {x}.
Likewise, one may define the open (resp. closed) k-neighborhood of a set X of vertices in V(G), denoted by Ny (X)
(resp. Ni[X]), as the union of the open (resp. closed) k-neighborhood Ny (x) (resp. Ni[x]) of vertices in X.

For x € X, we use I;x(x € X) to denote the set of vertices of G that are in Ni[x] but not in N¢[X — {x}]. If
Ir(x € X) =0, then x is said to be k-redundant in X. In the context of a communication network, this means that
any vertex that may receive communications from X within distance k may also be informed from X — {x} within
distance k. A set X containing no k-redundant vertex is called k-irredundant, that is, Iy (x € X) # @ for any x € X.
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A k-irredundant set X of G is called to be maximal if X U {y} is not a k-irredundant set of G forany y € V(G) — X.
The k-irredundance number of G, denoted by ir;(G), is the minimum cardinality taken over all maximal k-irredundant
sets of G. A maximal k-irredundant set of cardinality ir,(G) is called an irg-set. The concept of the k-irredundance
was introduced by Hattingh and Henning [9].

A set D of vertices in G is called to be a k-dominating set of G if every vertex of V(G) — D is within distance k
from some vertex of D. A k-dominating set D is called to be connected if G[D], a subgraph of G induced by D, is
connected. The minimum cardinality among all k-dominating sets (resp. connected k-dominating sets) of G is called
the k-domination number (resp. connected k-domination number) of G and is denoted by vy, (G) (resp. yi(G)). The
concept of the k-dominating set was introduced by Chang and Nemhauser [6,7].

A set I of vertices of G is said to be a k-independent set if every vertex in / is at distance at least k + 1 from every other
vertex of / in G; and a k-independent dominating set if / is a k-independent set and a k-dominating set, or equivalently,
is a maximal k-independent set. The k-independent number oy (G) is defined as the maximum cardinality taken over
all k-independent sets of G; the k-independent domination number y}{(G) is defined as the minimum cardinality taken
over all k-independent dominating sets of G.

Since the distance versions of domination have a strong background of applications, many efforts have been made
by several authors to establish the relationships among distance parameters (see, for example [6,7,9—14]). It is quite
difficult to determine the value of 7, (G) or y{(G) for any given graph G. However, from definitions, it is clear that
ir(G) <y (G)< y}((G) for any graph G. For k = 1, Allan et al. [2] proved that if an ir{-set X is an independent set
of G, then ir1(G) = 9,(G) = yil (G). Recently, Li [13] has established an upper bound of y; (G) in terms of other
graph theoretical parameter. For k = 1, Allan and Laskar [1], independently, Bollobas and Cockayne [4] established
11(G) £2ir1(G)—1, whichisextended to 7, (G) <2iry(G) — 1 by Hattingh and Henning [9]; Bo and Liu [3] established
%(G)<3ir1(G) — 2. |

In this paper, we prove that if an iry-set X is a k-independent set of G then ir(G) = 7;(G) = 7;,(G), and that, for
a connected graph G and k >2, yi(G) =1ifiry(G)=1, yZ(G) < max{(2k + iry(G) — 2k, %irk(G)k — %k + 2}
if iri(G) is odd, and yi(G) < %irk(G)k — 3k + 2 if irx(G) is even, and these bounds are best possible. The former
generalizes Allan et al.’s result and the latter generalizes Bo and Liu’s result. As a byproduct of the proof of our main
result, we also obtain y;(G) <2iry(G) — 1.

The proofs of our main results are in Section 3 and some lemmas are given in Section 2.

2. Lemmas

A k-independent set / of G is called to be maximal if X U {y} is not a k-independent set of G forany y € V(G) — X.
A k-dominating set D of G is called to be minimal if D — {x} is not a k-dominating set of G for any x € D.

Lemma 2.1. LetIbe a k-independent set of G. Then 1 is maximal if and only if 1 is a minimal k-dominating set, whereby
74(G) <o (G).

Proof. Since I is a k-independent set of G, by definition, / is maximal if and only if every vertex of V(G) — I is
within distance k from some vertex of I and the distance between two vertices in / is larger than k or, equivalently, / is
a minimal k-dominating set of G. [

The special case for k = 1 of the following result is due to Cockayne and Hedetniemi [8], and it is stated in Lemma
2 in [9] without proof.

Lemma 2.2. Let D be a k-dominating set of G. Then D is minimal if and only if D is a maximal k-irredundant set,
whereby ir(G) <y (G).

Proof. Since D is a k-dominating set of G, by definition, D is minimal if and only if every vertex of V (G) — D is within
distance k from some vertex of D and the removal of any vertex x € D results in a vertex y in V(G) — (D — {x}) at
distance greater than k from every vertex in D — {x} or, equivalently, I; (x € D) # ( for any x € D but there is some
x € D'=DU{y} such that I; (x € D) =@ forany y € V(G) — D, that is, D is a maximal k-irredundant set of G. [J
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