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Abstract

A congruence f (x1, x2, . . . , xt ) ≡ 0 mod pn (p is a prime) is said to be strong homogeneous if it has the form
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≡ 0 mod pn,

where p�d, d > n and i, j ∈ {1, 2, . . . , t}, i �= j . A strong homogeneous equation over a finite field Fpn, pn > 2, is defined
analogously. For a system S of strong homogeneous congruences (or equations), the associated graph G(S) of S is defined to be
the graph whose vertex set is {x1, x2, . . . , xt } and two vertices xi and xj are adjacent whenever they belong to a congruence (or
equation) in S. We show that the solutions of S have a close relation with the vertex colourings of G(S). The number of solutions of S
can be represented by the chromatic polynomials of the components of G(S). This implies that the problem of finding the solutions
to a system of equations over a finite field or congruences is NP-hard, even for a very special class. An asymptotic estimation to the
number of the solutions of the system of SH-congruence is also established.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

In algebraic number theory, estimating the number of solutions of equations over a finite field is a charming and
important problem with a long history. As mentioned in [13], Gauss first studied the solutions of the equation ayl +
bzm + c = 0 over a finite field, and calculated the number of solutions for (l, m) = (2, 2), (3, 3), (4, 4), (2, 4). Weil
[14] made a further study on solutions of the equation a0x

n0
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1 +· · ·+arx

nr
r = 0, and posed a famous conjecture

which has been very influential in the recent development of both number theory and algebraic geometry. Deligine
finally solved Weil’s conjecture and was awarded the Fields Medal in 1978 [9]. For general equation(s), Warning and
Katz made some estimations on the number of solutions of a system of equations over a finite field [9]. For some more
recent results on this topic, we refer to [1,4,7,8,10–12,15].
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In elementary number theory, Gauss introduced the notion of congruence in Disquisitions Arithmetica [6]. Results
related to the solutions of some special congruences can be found in [4–6,8,11].

For non-negative integers a, b and q �= 0, we say that a is congruent to b modulo q if q divides b−a and as usual, this
relation is written by a ≡ b mod q. Let n be a positive integer, p be a prime with pn > 2 and let d, d > n, be a positive
integer not divisible by p. A congruence f (xi, xj ) ≡ 0 mod pn is said to be a strong homogeneous (p, n, d)-congruence
(or more briefly, an SH-congruence) if it has the form
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Let S be a system of SH-congruences in the variables x1, x2, . . . , xt , t ≥ 2 (here, for convenience, we assume that each
of x1, x2, . . . , xt appears in at least one congruence of S). The associated graph G(S) of S is defined to be a simple
undirected graph whose vertex set is {x1, x2, . . . , xt } and two vertices xi and xj are adjacent whenever S contains the
congruence (1).

For an example, let S be
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mod pn. Then S is a system of SH-congruences in the variables x1, x2, x3, x4 and G(S) is a cycle of length 4.
From the definition of G(S), it can be seen that each vertex of G(S) has degree at least 1. In other words, each

component of G(S) contains at least two vertices, or equivalently, G(S) contains no isolated vertices. Again from the
definition of G(S), it can be seen that for fixed p, n, and d, the function S → G(S) is a bijection between systems of
SH-congruences and simple undirected graphs without isolated vertices.

Let p, n, d be defined as above. Similar to the definition of strong homogeneous congruence, an equation f (xi, xj )=0
over a finite field Fpn is said to be a strong homogeneous (p, n, d)-equation (briefly, an SH-equation) if it has the form
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The associated graph G(S) of a system S of strong homogeneous equations is defined analogously. A system of strong
homogeneous congruences or equations over a finite field are generally called an SH-system, with no confusion.

For a graph G of t vertices x1, x2, . . . , xt , a vector (�1, �2, . . . , �t ) mod pn (or over a finite field Fpn ) is said to be a
vertex colouring of G if �i /≡ �j mod pn (or �i �= �j ) for any two adjacent vertices xi and xj . �1, �2, . . . , �t are also
called the colours. For a natural number �, we denote by ��(G) the number of vertex colourings of G using at most �
different colours. It is well known that ��(G) is a polynomial in � (see [2,3] for details):

��(G) =
t−k∑
i=0

(−1)iai�
t−i ,

where a0 = 1, a1 and k are the numbers of edges and components in G, respectively, and ai is a positive integer for
every i, 1� i� t − k. ��(G) is also called the chromatic polynomial of G.

In this paper, we show that the solutions of an SH-system S has a close relation with the vertex colourings of G(S).
More precisely, the solutions of S and the vertex colourings of G(S) are determined uniquely from each other. It follows
that, for a system S of SH-congruences modulo pn, the number of solutions of S is

n(S) =
k∏

j=1

(p(n−1)tj + pn−1(p − 1)

l
�l (Gj )),

where l = gcd(d, p − 1), G1, G2, . . . , Gk , are the components of G(S) and tj , j ∈ {1, 2, . . . , k}, is the number of
vertices in Gj . This implies that n(S)/p(n−1)t → 1 as n → +∞.
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