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Abstract

Many applications in graph analysis require a space of graphs or networks to be
sampled uniformly at random. For example, one may need to efficiently draw a
small representative sample of graphs from a particular large target space. We
assume that a uniform distribution f(N, E) = 1/|X| has been defined, where N is a
set of nodes, F is a set of edges, (IV, E) is a graph in the target space X’ and |X| is the
(finite) total number of graphs in the target space. We propose a new approach to
sample graphs at random from such a distribution. The new approach uses a Markov
chain Monte Carlo method called the Neighbourhood Sampler. We validate the new
sampling technique by simulating from feasible spaces of directed or undirected
graphs, and compare its computational efficiency with the conventional Metropolis-
Hastings Sampler. The simulation results indicate efficient uniform sampling of the
target spaces, and more rapid rate of convergence than Metropolis-Hastings Sampler.
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1 Introduction

Random graphs (RGs) are the subject of a broad area of research originating
in the early works of [7| and [4], drawing insights from both graph theory and
probability. One particular area of interest is the generation of random graphs
according to some criteria. Two commonly used approaches to generate ran-
dom graphs are by using a probability distribution, or by using a random
process [1]. An example of using probability distributions is the Erdés-Renyi
model [4], which generates random graphs with a uniform probability distri-
bution over the space of all graphs with a given number of nodes and edges.
The Erdos-Renyi model can be implemented by starting with a given number
of nodes with no edges and then iteratively adding one new edge at a time,
sampled uniformly over the set of missing edges, until the required number
of edges is obtained [1|. An example of using random processes is the simple
algorithm used by [12] to simulate Bayesian graphs (directed acyclic graphs)
in which the number of nodes and their average degree are taken as an input.
The algorithm then computes a threshold value ¢, and for each pair of nodes,
a random number r € [0, 1] is generated. If r < ¢, then the pair is linked by an
edge. In this paper, we present an efficient sampler that is capable of sampling
graphs that are uniformly distributed over certain spaces. Specifically, we con-
sider spaces consisting of directed or undirected graphs in which all vertices
are connected. Such graphs arise in a variety of applications, in particular
in the study of Bayesian networks. A graph G is expressed as a pair (N, E),
where N is a set of nodes and FE is a set of edges. In the context of Bayesian
networks, nodes represent random variables Vi, V5, ... V. A directed edge
between any pair of variables V; — V; indicates conditional dependency of V;
upon V;. Typically, edges represent cause and effect relationships and thus
such graphs are acyclic. This paper considers two types of graph structures:
a Connected Directed Acyclic Graph (CDAG) and a Connected Un-Directed
Graph (CUDG). Figure 1 illustrates some types of graph structures.
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Fig. 1. From left to right: CDAG, CUDG and directed cyclic graph. Dashed lines
indicate the cycle in the rightmost graph.

In CDAGS, as the number of nodes increases, the size of the space of possi-
ble graphs grows exponentially. For example, the sizes of spaces of CDAGs for
three, four and five nodes are 18, 446 and 26430, respectively. Like CDAGsS,
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