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Abstract

An ordered graph is a graph together with a total ordering of its vertices. We study
ordered Ramsey numbers, the analogue of Ramsey numbers for ordered graphs.

In contrast with the case of unordered graphs, we show that there are ordered
matchings whose ordered Ramsey numbers are super-polynomial in the number of
vertices.

We also prove that ordered Ramsey numbers are polynomial in the number of
vertices of the given ordered graph G if G has constant degeneracy and constant
interval chromatic number or if G has constant bandwidth. The latter result answers
positively a question of Conlon, Fox, Lee, and Sudakov.
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For a few special classes of ordered graphs, we give asymptotically tight bounds
for their ordered Ramsey numbers. For so-called monotone cycles we compute their
ordered Ramsey numbers exactly.
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1 Introduction

Ramsey’s theorem states that for every graph G, there exists a number N
such that every 2-coloring of the edges of Ky contains a monochromatic copy
of G. The least such N is called the Ramsey number of G and we denote it
by R(G).

In this paper, we study an analogue of Ramsey’s theorem for graphs with
ordered vertex sets. In particular, we focus on the effects of different vertex
orderings on the Ramsey numbers of given graphs.

An ordered graph G is a pair (G, <) where G is a graph and < is a total
ordering of its vertex set. We say that two ordered graphs (G, <1) and (H, <»)
are isomorphic if G and H are isomorphic via a one-to-one correspondence
g: V(G) — V(H) that also preserves the orderings <; and <. Note that
there is only one ordered complete graph IC,, up to isomorphism. An ordered
graph (H,<1) is an ordered subgraph of (G, <2) if H is a subgraph of G' and
=< is a suborder of <s.

For an ordered graph G, we denote by f_{(g) the smallest number N such
that every 2-coloring of the edges of Ky contains a monochromatic copy of
G as an ordered subgraph. The number R(G) is called the ordered Ramsey
number of G. Since K, is unique up to isomorphism, for every ordered graph
G = (G, <) with n vertices we have R(G) < R(G) < R (K,,).
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