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a b s t r a c t

There is a conjecture that if the union (also called sum) of graphic
matroids is not graphic then it is nonbinary (Recski, 1982). Some
special cases have been proved only, for example if several copies
of the samegraphicmatroid are given. If there are twomatroids and
the first one can either be represented by a graph with two points,
or is the direct sum of a circuit and some loops, then a necessary
and sufficient condition is given for the other matroid to ensure
the graphicity of the union. These conditions can be checked in
polynomial time. The proofs imply that the above conjecture holds
for these cases.

© 2015 Elsevier Ltd. All rights reserved.

1. Introduction

Graphic matroids form one of the most significant classes in matroid theory. When introducing
matroids, Whitney concentrated on relations to graphs. The definition of some basic operations like
deletion, contraction and direct sum were straightforward generalizations of the respective concepts
in graph theory. Most matroid classes, for example those of binary, regular or graphic matroids, are
closedwith respect to these operations [6]. This is not the case for the union. The union of two graphic
matroids can be non-graphic.

The first paper studying the graphicity of the union of graphicmatroidswas probably that of Lovász
and Recski [2], they examined the case if several copies of the same graphic matroid are given.

Another possible approach is to fix a graph G0 and characterize those graphs G where the union
of their cycle matroids M(G0) ∨ M(G) is graphic. (Observe that we may clearly disregard the cases if
G0 consists of loops only, or if it contains coloops.) As a byproduct of some studies on the application
of matroids in electric network analysis, this characterization has been performed for the case if G0
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Fig. 1. A graphic representation of A (left) and B (right).

consists of loops and a single circuit of length two only, see the first graph of Fig. 1. (In view of the
above observation this is the simplest nontrivial choice of G0.)

Theorem 1 ([4]). Let A and B be the cycle matroids of the graphs shown in Fig. 1 on ground sets EA =

{1, 2, . . . , n} and EB = {1, 2, i, j, k}, respectively. Let M be an arbitrary graphic matroid on EA.
Then the union A ∨ M is graphic if and only if B is not a minor of M with any triplet i, j, k.

Recski [5] conjectured some thirty years ago that if the union of two graphicmatroids is not graphic
then it is nonbinary. This is known to be true if the two graphic matroids are identical or if one of
them is A as given in Theorem 1—these results follow in a straightforward way from [2] and from [4],
respectively.

The main purpose of the present paper is to extend the result of Theorem 1 if G0 either consists of
loops and two points joined by n parallel edges (n ≥ 2, see Section 4) or if it consists of loops and a
single circuit of length n (n ≥ 2, see Section 3). The proof for n = 3 can be found in [1]. We prove
that deciding whether M(G0) ∨ M(G) is graphic can be performed in polynomial time if G0 is one of
these two matroids (Theorems 20 and 12, respectively). Our results will then imply that the above
conjecture is true if one of these two types of graphs plays the role of G0.

Observe that the first graph of Fig. 1, representing A, has only two non-loop edges (1 and 2), while
the second graph, representing B, has the property that the complement of the set {1, 2} of non-loop
edges of A contains both a circuit and a spanning tree. This property will turn out to be crucial if we
consider a larger set of non-loop edges which are either all parallel or all serial, see Remark 24.

Then as a corollary, we can prove the conjecture in these two special cases: If the non-loop edges of
a graph are either all parallel or all serial then the union of its cycle matroid with any graphic matroid
is either graphic or contains a U2,4 minor, hence it is nonbinary [8].

During our study of the union of the two graphicmatroidsM1 = M(G0) andM2 = M(G) the former
one will have a very special structure. Nevertheless, in Section 2 we formulate some reduction steps
for arbitrary graphic matroidsM1 andM2 on the same ground set (although we shall apply the results
in the aforementioned two special cases only).

2. The reduction

ThroughoutM1 andM2 will be graphic matroids on the same ground set E. We shall refer to them
as addends. It is well known that if a matroid is graphic then so are all of its submatroids and minors.
Hence if a matroid has a non-graphic minor then the matroid is not graphic.

Definition 2. We call some non-coloop edges of a matroid serial if they belong to exactly the same
circuits.

Definition 3. Let L(M) and NL(M) denote the set of loops and non-loops, respectively, in the matroid
M .

The following lemmata contain the main opportunities when we can simplify our addend matroids.
Since they refer to graphicmatroids only,we can use graph theoretical terminology. Throughout,M\X
andM/X will denote deletion and contraction, respectively, of the set X in a matroidM , while X − Y
will denote the difference of the sets X and Y .

Lemma 4. Let X and Y denote the set of coloops in M1 and in M2, respectively. The union M1 ∨ M2 is
graphic if and only if (M1 \ (X ∪ Y )) ∨ (M2 \ (X ∪ Y )) is graphic.
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