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We consider the class £, of all infinite words x € A® over a fi-
nite alphabet A admitting a prefixal factorization, i.e., a factoriza-
tionx = UgU U, - - - where each U; is a non-empty prefix of x. With
eachx € 271 one naturally associates a “derived” infinite word & (x)
which may or may not admit a prefixal factorization. We are inter-
ested in the class 22, of all words x of £7; such that §"(x) € 22,
for all n > 1. Our primary motivation for studying the class 2
stems from its connection to a coloring problem on infinite words
independently posed by T. Brown and by the second author. More
precisely, let P be the class of all words x € A® such that for every
finite coloring ¢ : AT — C there exist ¢ € C and a factorization
x = VoV1V, - - with ¢(V;) = c for eachi > 0. In a recent paper
(de Luca et al., 2014), we conjectured that a word x € P if and only
if x is purely periodic. In this paper we prove that P C 2, so
in other words, potential candidates to a counter-example to our
conjecture are amongst the non-periodic elements of 22,,. We es-
tablish several results on the class 2. In particular, we prove that
a Sturmian word x belongs to £, if and only if x is nonsingular,
i.e., no proper suffix of x is a standard Sturmian word.
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1. Introduction

Let P denote the class of all infinite words x € A® over a finite alphabet A such that for every finite
coloring ¢ : At — C there exist ¢ € C and a factorization x = VoV, V; ... with ¢ (V;) = c foralli > 0.
Such a factorization is called p-monochromatic. In [5] we conjectured:

Conjecture 1. Let x be an infinite word. Then x € P if and only if x is (purely) periodic.

Various partial results in support of Conjecture 1 were obtained in [5,6,14]. Given x € A®, it is natural
to consider the binary coloring ¢ : AT — {0, 1} defined by ¢(u) = 0if uis a prefix of x and p(u) = 1
otherwise. Then any gp-monochromatic factorization is nothing more than a prefixal factorization of
x, i.e., a factorization of the form x = UyU; U, . . . where each U; is a non-empty prefix of x. Thus a first
necessary condition for a word x to belong to P is that x admits a prefixal factorization. Not all infinite
words admit such a factorization, in fact as is shown in [5], square-free words and Lyndon words do
not admit a prefixal factorization.

Thus in the study of Conjecture 1, one can restrict to the class of words 27, admitting a prefixal
factorization. But in fact more is true. We prove that if x € &7, then x has only finitely many distinct
unbordered prefixes and admits a unique factorization in terms of its unbordered prefixes. This allows
us to associate with each x € #7; a new infinite word §(x) on an alphabet corresponding to the finite
set of unbordered prefixes of x. In turn, the word & (x) may or may not admit a prefixal factorization.
Incase §(x) & £1, then 6(x) ¢ P and from this one may deduce that x itself does not belong to P. This
is for instance the case of the famous Thue-Morse infinite word t = tptqt; - - - € {0, 1}* where ¢, is
defined as the sum modulo 2 of the digits in the binary expansion of n,

t =011010011001011010010.....

The origins of t go back to the beginning of the last century with the works of A. Thue [15,16] in which
he proves amongst other things that t is overlap-free, i.e., contains no word of the form uuu’ where v’
is a non-empty prefix of u. It is readily checked that t admits a prefixal factorization, in particular t
may be factored uniquely as t = VyV,1V; ... where each V; € {0, 01, 011}. On the other hand, as is
established later (see Example 4), the derived word §(t) is the square-free ternary Thue-Morse word
fixed by the morphism 1 — 123,2 +— 13, 3 > 1. Hence 6(t) ¢ ;. This in turn implies that t & P.
Concretely, consider the coloring ¢’ : {0, 1} — {0, 1, 2} defined by ¢’(u) = 0 if u is a prefix of t
ending with 0, ¢’ (u) = 1if u is a prefix of t ending with 1, and ¢'(u) = 2 otherwise. We claim that t
does not admit a ¢’-monochromatic factorization. In fact, suppose to the contrary thatt = VoV;V; ...
is a ¢’-monochromatic factorization. Since Vj is a prefix of t, it follows that there exists a € {0, 1} such
that each V; is a prefix of t terminating with a. Picki > 1 such that |V;| < |Vi;1|. Then aV;V; € Fact(t).
Writing V; = ua, (with u empty or in {0, 1}T), we see aV;V; = auaua is an overlap, contradicting that
t is overlap-free.

In the study of Conjecture 1, one can further restrict to the subset 47, of &7, consisting of allx € 2,
for which §(x) € 2. In this case, one can define a second derived word §2(x) = §(8(x)) which again
may or may not belong to 27;. In case §%(x) ¢ 2, then not only is §?(x) ¢ P, but as we shall see
neither are §(x) and x. Continuing in this way, we are led to consider the class &2, of all words x in
21 such that §"(x) € 22, foralln > 1. We prove that P C #,, so in other words any potential
counter-example to our conjecture is amongst the non-periodic words belonging to #.,. However,
P # 2. In fact, we prove in Section 6 that a large class of Sturmian words belong to 2, while as
proved in [5], no Sturmian word belongs to P.

The paper is organized as follows: In Section 2 we give a brief overview of some basic definitions
and notions in combinatorics on words which are relevant to the subsequent material. In Section 3
we study the basic properties of words admitting a prefixal factorization and in particular prove each
admits a unique factorization in terms of its finite set of unbordered prefixes. From this we define the
derived word §(x). We prove amongst other things that if x is a fixed point of a morphism, then the
same is true of 5(x).

In Section 4 we recursively define a nested sequence --- C %41 C %, C --- C % where
D1 = {x € 2, | §(x) € 2,}, and study some basic properties of the set ., = ﬂn>1 P.
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